ON THE BREUIL MEZARD CONJECTURE 



VYTAUTAS PASKUNAS 

Abstract. We give a new local proof of Breuil-Mezard conjecture for two 
dimensional representations of the absolute Galois group of Q p , when p > 5 
^ and the representation has scalar endomorphisms. 
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1. Introduction 

Let p be a prime number, Q p the field of p-adic numbers, L a finite extension 
of Q p with the ring integers 0, uniformizer w and residue field k. Let p : Gq p — > 
GL2(fc) be a continuous representation of the absolute Galois group of Q p such that 
Endc Qi) (p) = k. Let R p be the universal deformation ring of p and p nn : Gq p — > 
GL2 (i? p ) the universal deformation. If n £ m-Spec R p [l/p), where m-Spec denotes 
the maximal ideals, then the residue field «(n) is a finite extension of L. Thus 
specializing the universal deformation at n, we obtain a continuous representation 
p^ n : Gq p — > GL 2 (C K ( n )), which reduces to p modulo the maximal ideal of C K ( n ). 
Since «;(n) is a finite extension of L, p„ n lives in Fontaine's world of p-adic Hodge 
theory. We fix a p-adic Hodge type (w, r, ip) and investigate the locus of points in 
Spec R p for which is of type (w, r, -0), where w = (a, b) is a pair of integers with 
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b > a, t : Iq — » GL2(i) is a representation of the inertia subgroup with an open 
kernel and ip : Gq — > O x a continuous character, such that ip = det p (mod zu), 
ip\i Q = s a+b detr, where £ is the p-adic cyclotomic character. If p™ n is potentially 
semi-stable we let WD(pJJ n ) be the Weil-Deligne representation associated to by 
Fontaine in [27]. In this case we say that pj} n is of type (w, r, ip) if its Hodge- Tate 
weights are equal to w, the determinant equal to ip and WD(p^ n )|/ Q = r. 

In [31] , Henniart has shown the existence and uniqueness of a smooth irreducible 
representation cr(r) (resp. <7 cr (r)) of K := GL2(Zp) on an L-vector space, such that 
if 7T is a smooth absolutely irreducible representation of G := GL 2 (Q P ) and let LL(ir) 
be the Weil-Deligne representation attached to it by the classical local Langlands 
correspondence then HoniR- (o-(r), it) ^ (resp. Homier" (r), it) ^ 0) if and only 
if LL(ir)\i Qp = r (resp. LL(w)\i Qp = r and the monodromy operator N = 0). We 
have cr(r) = cr cr (r) in all cases, except if t = x © Xj then ct(t) = st <g> x ° det and 
CT cr (r) = x° det, where st is the Steinberg representation of GL 2 (F p ), and we view 
X as a character of Z* via the local class field theory. 

We let cr(w, t) := <j(t) ® Sym b_a_1 i 2 ® det a and let cr(w, r) be the semi- 
simplification of a reduction modulo tn of a isT-invariant O-lattice in <t(w,t). One 
may show that cr(w, r) does not depend on the choice of a lattice. For each ir- 
reducible /c-representation a of K we let m tT (w,r) be the multiplicity with which 
a occurs in er(w, r). We let er cr (w, r) := cr cr (r) <g) Sym^ a_1 i 2 <g) det° and let 
to" (w, r) be the multiplicity of a in <7 cr (w,r). 

Recall that the group of <i-dimensional cycles -Z^(-R) of a noetherian ring R 
is a free abelian group generated by p £ Speci? with dimi?/p = d. If M is a 
finitely generated i?-module of dimension at most d then M p is an i? p -module of 
finite length, which we denote by £r v (M p ), for all p with dimi?/p = d. We let 
Zd(M) := ^ p £r p (Mp)p, where the sum is taken over all p £ Speci? such that 
dimi?/p = d. 

Theorem 1.1. Assume that p > 5. There exists a reduced, two dimensional, 
O -torsion free quotient i?^'(w,r) (resp. R^' ct (w,t)) of R p such that for all n £ 
m-Speci? p [l/p], n lies in m-Speci?^(w,r)[l/p] (resp. R^'"'(w, t)[1/p\) if and only 
if pJJ n is potentially semi-stable (resp. potentially crystalline) of p-adic Hodge type 

(W,T, Ip). 

Moreover, for each irreducible k-representation a of K there exists a one dimen- 
sional cycle z(a,p) of R p , independent of w and r, such that for all p-adic Hodge 
types (w, r, ip) we have an equality of one dimensional cycles: 

(1) *i(i#(w, r)/(w)) = Mw, r)z(a, p), 

a 

(2) *l(i# ,cr (w, r)/M) = £ m?(w, r>(<r, p), 

a 

where the sum is taken over the set of isomorphism classes of smooth irreducible 
k-representations of K . 

Further, z(a,p) is non-zero if and only if Homjf (a, j3) ^ 0, where pi is a smooth 
k-representation o/GL2(Q p ) associated to p by Colmez in [16] (the so called atome 
automorphe). In which case the Hilbert- Samuel multiplicity of z{a,p) is one, with 
one exception when p = ( o * ) ® X an( ^ * * s P eu ramifie in the sense of |54j , in which 
case the multiplicity is 2. 
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The equality of cycles implies the equality of Hilbert-Samuel multiplicities, which 
proves the conjecture posed in |10j . The result is new only in the case when p = 



been treated by Kisin in [33]. Moreover, the existence of potentially semi-stable 
deformation rings have been established by Kisin in |32) in much greater generality, 
however our arguments give a new proof of this for p as above. Different parts of 
Kisin's arguments have been improved upon by Breuil-Mezard [11] and Emerton- 
Gee [25]. In particular, the formulation of the problem in terms of the language 
of cycles is due to Emerton-Gee. In all these papers, there is a local part of the 
argument using the p-adic local Langlands for GL 2 (Q P ), see [16], [15], [3] and [2] 
for an overview, and a global part of the argument, which uses Taylor- Wiles-Kisin 
patching argument. Our proof is purely local, except that we need the description 
of locally algebraic vectors in the p-adic Langlands correspondence for GL2(Q P ), 
and in the supercuspidal case, i.e. when r is a restriction to Iq of an irreducible 
representation of the Weil group, this description uses a global argument of Emerton 
|24) . We use the results of [45, instead of the global input. 

The paper is organized as follows. In £]2]we develop a general formalism, which 
generates Breuil-Mezard conjecture like statements. The formalism is summed up in 
£12.61 Since the Breuil-Mezard conjecture is expected and sometimes even known to 
hold in other contexts, see [35], [3S], we hope that our formalism will be useful. We 
then spend the rest of the paper checking the conditions that make the formalism 
work. In the case when r is the restriction to Iq of an irreducible representation of 
the Weil group we rely on forthcoming results of Dospinescu to deduce that certain 
ring is reduced, see Theorem 14. 181 

Acknowledgements. I thank Eike Lau and Thomas Zink for a number of 
stimulating discussions. I thank Toby Gee for hosting me at Imperial College 
London, where large parts of the paper were written. I thank especially Matthew 
Emerton, who explained to me during the LMS Symposium in Durham in 2011, 
that he had global reasons to believe that the restriction to K of a representation 
denoted by N in £15.21 is projective. This was a major source of motivation for me 
to prove it locally, which resulted in Theorem 12.381 



Let G be a p-adic analytic group and let K be a compact open subgroup of G. Let 
ModQ n (0) be the category of smooth G- representation on O-torsion modules. Let 
ModQ°(0) be the category of compact OpCj-modules with an action of 0[G], such 
that the two actions coincide, when restricted to 0[K}. The subscript pro stands 
for profinite-augmented. Sending r to its Pontryagin dual r v := Honio(r, L/O) 
equipped with the compact-open topology induces an anti-equivalence of categories 
between Mod™(0) and Mod^ ro (C), with the inverse functor given by M i-> M v := 
ftom c S n \M,L/G). 

Let (R, m) be a complete local commutative noetherian O-algebra with residue 
field k. Suppose that we are given N in Modg°(C>), and an O-algebra homomor- 
phism from R into the ring of endomorphisms of N, such that there exists a basis of 
open neighbourhoods {iVj}, 6 / of in N, consisting of i?-submodules of N. If m is a 
compact R module, we let m®/j N := limm/rrij N/Ni, where {mjjjgj is a ba- 
sis of open neighborhoods of in m consisting of i?-submodules. For every finitely 
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presented -R-module m the completed and the usual tensor products coincide, and 
since R is noetherian, every finitely generated module is finitely presented. 

Lemma 2.1. If X € Mod™(0) is of finite length, then the natural action of R on 
Homgpq (N, A v ) is continuous for the discrete topology on the module. 

Proof. We have the following isomorphisms of i?-modules: 

Hom^^fJV, A v ) = Rom K (X,N v ) = Hom A '(A,hmiV v [m"]). 

Since A is a finitely generated if-representation, we obtain 

Hom K (A,limiV v [m™]) limHom K (A, iV v [m™]). 

The action of R on HoniR-(A, 7V v [m™]) is continuous for the discrete topology on 
the module, since it factors through the action of R/m n . The isomorphism 

(3) Hom^j (N, A v ) S lim Horn* (A, N v [m n ] ) 

implies the claim. □ 

Definition 2.2. If X e Mod™(0) is of finite length, then we let 

M(A) := (Hom^j(iV,A v )) v . 

Lemma 2.3. The map X M(A) defines a covariant, right exact functor from the 
category of smooth, finite length K -representations on O-torsion modules, to the 
category of compact R-modules. If N is projective in Mod^°(0) then the functor 
is exact. 



Proof. Since Pontryagin dual of a discrete module is compact, Lemma 12.11 implies 
that M(X) is a compact i?-module for A € Mod™(0) of finite length. Since A H > 
M (A) is defined as a composition of three functors, the first contravariant and 
exact, the second covariant and left exact, and the third contravariant and exact, 
it is a covariant, right exact functor. If N is projective in Mod^°(C) then the 
functor Horrid pq (N, *) is exact. Since taking Pontryagin duals is an exact functor 
we deduce that A i— > M(X) is an exact functor. □ 

Proposition 2.4. Let X € Mod^ n (C) be of finite length and let m be a finitely 
generated R-module. Then we have a natural isomorphisms of compact R-modules: 

(4) m§ i? (Hom^ 1 (7V,A v )) v S (Hom^j (m ® R N, A v )) v . 

Proof. Both sides of are isomorphic if m is a free i?-module of finite rank. The 
general case follows by considering a presentation of m. □ 

Corollary 2.5. Let X £ Mod™(0) be of finite length. If k® R N is a finitely 
generated 0\K\-module, then M(X) is a finitely generated R-module. Moreover, 
dimM(A) < max CT { dim M(a)}, where the maximum is taken over all the irreducible 
subquotients of X. 

Proof. By Nakayama's lemma for compact i?-modules, it is enough to show that 
fc(g5ijM(A) is a finite dimensional fc-vector space. Since k0 R N is a finitely gener- 
ated 0[-ftf]-module, its Pontryagin dual is an admissible if -representation. Hence, 
the subspace of ii- invariants ((k <S>r N)^) h is finite dimensional for every open sub- 
group H of K. Taking H to be the kernel of A, we deduce that Hom^-(A, (k N) v ) 
is finite dimensional. Hence, Hom^j^-j (k N, A v ) is a finite dimensional /c-vector 
space. It follows from (j4j that k <E)r M (A) is finite dimensional. The last assertion 
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follows from the right exactness of the functor A H> M(X) and the behaviour of 
dimension in short exact sequences. □ 

Corollary 2.6. Let A <= Mod™(0) be of finite length. //Hom^f*]^®*-^ A v ) = 
0, then M (A) =0. 

Proof. It follows from Proposition ^. 4l that k (E)r M(A) = 0. Topological Nakayama's 
lemma implies that M(A) =0. □ 

Corollary 2.7. Let k be a smooth, finitely generated k -representation of G. If 
k®nN is a finitely generated 0\K\-module, then Home (k, iV v ) v is a finitely gen- 
erated R-module. 

Proof. Since k is smooth and is finitely generated as a G-representation, there 
exists a finite length if-subrepresentation A of k, such that A generates K: as a 
G-representation. In other words, we have a surjection c-Ind^> A -» n. Since 

(5) Hom G (c-Ind£ A, 7V V ) Hom K (A, 7V V ) = Homg^j(JV, A v ), 

we deduce that Homg(K, N v ) v is a quotient of M(A). As M(A) is a finitely gen- 
erated i?-module by Corollary 12.51 we deduce that Hom^K, 7V V ) V is a finitely 
generated i?-module. □ 

Corollary 2.8. Let n be a smooth, finitely generated k -representation of G, let 
a be the R-annihilator of Home (k, jV v ) v and assume that k®nN is a finitely 
generated OfKj-module. If dim fe Hom G (K, (k§) R N) w ) = 1 then Uom G (n, iV v ) v = 
i?/a as an R-module. Moreover, the Krull dimension of Hom(j(/t, N v ) v is at most 
dim fe Hom G (K, (iV/m 2 iV) v ) - 1. 



Proof. The proof of Proposition 12 .41 shows that for all finitely generated R- modules 
m, we have an isomorphism of i?-modules: 

(6) m(g, R Rom G {K,N v ) v = Hom G ( K , (m§ fl iV) v ) v . 

Since k (E)r N is a finitely generated OJiTJ-module, Corollary 12 . 71 implies that M :— 
HomcfK, 7V V ) V is a finitely generated i?-module. Since dimfe Homc^, (k <X>_r N) v ) — 
1, we deduce from ([6]) that k®nM is a one dimensional fc-vector space. Nakayama's 
lemma implies that M can be generated by one element over R, and hence M = 
i?/a. It follows from © that dim fc Hoiii g (k, (A^/m 2 ) v ) = dim fe M/m 2 M. The iso- 
morphism M = R/a implies that dimfe m/(a + m 2 ) = dimfe Hoiiig(k, (N/m 2 N)) — 1. 
Since the dimension of R/a is bounded by its embedding dimension, [551 §14], we 
obtain the result. □ 

Let V be a continuous representation of K on a finite dimensional L-vector 
space, let be a if-invariant O-lattice in V and let O d := Homo (6, 0) and 
V d := Eomo(V,L). 

Lemma 2.9. Hom^j^-j (./V, Q d ) is p-adically complete, separated and O -torsion 
free. 

Proof. Since <d d is a free O-module of finite rank, we have 
(7) 

Hom^TV, 6 d ) S* Hom^iV, ^mS d /w n e d ) £* Um Hom^j (N, Q d /w n Q d ). 
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By applying Hom^j (N, *) to the exact sequence G d K O d -> @ d /w n Q d -> 
we obtain an injection: 

(8) Homgflj (iV, 8^)/^" Hom^j (N, Q d ) ^ Homgfo (iV, Q d /^ n Q d ) 

for all n > 1. It follows from (J7J that the composition 

Hom^(JV, 6 d ) -► hmHom^ljCiV, e d )/(^") hm Homg^j (iV, e d /^"9 d ) 

is an isomorphism, and from ((SJ that the second arrow is an injection, as lim is 
left exact, thus the first arrow in the above equation is an isomorphism, Hence, 
Horn^Tfc] (N, © d ) is p-adically complete and separated. Since Q d is O-torsion free, 
so is Homg , I n £j(iV,e d ). □ 

We equip Hom^pc ] (N, Q d ) with the p-adic topology. 

Lemma 2.10. The R-action on Hom^ j^-j (AT, Q d ) is continuous for the p-adic 
topology on the module. 

Proof. It is enough to show that the action of R on Hom^ j (iV, & d )/(w n ) is 
continuous for the discrete topology on the module. This follows from (|SJ) and 
Lemma 12.11 □ 

If X is an O-torsion free, p-adically complete and separated O-module, then we 
let X d := Homo (X, O) with the topology of pointwise convergence, that is the 
coarsest locally convex topology such that for each x € X the evaluation map at x, 
X d — > O, 4> H> 4>{x) is continuous. We will refer to X d as the Schikhof dual of X. 
The following is shown in the proof of [44J Lem.5.4]: 

Proposition 2.11. Let X be an O-torsion free, p-adically complete and separated 
O-module. Then for each n > 1 we have a natural topological isomorphism 

X d /w n X d S (X/zu n Xy. 

It follows from the proof of [52j Thm.1.2] that the evaluation map induces a 
topological isomorphism X ^ Hom^ nt (X d : 0), for the p-adic topology on the 
target. 

Definition 2.12. Let M = M(6) = Homo (Homg^j ( iV, @ d ), O) equipped with 
the topology of pointwise convergence. 

Lemma 2.13. M is a compact R-module. 

Proof. Since R is a compact ring, Pontryagin duality induces an anti-equivalence 
of categories between the discrete and compact i?-modules, [28]. This obser- 
vation combined with Lemma 12.11 and © implies that the Pontryagin dual of 
Hom^ pf j (iV, Q d )/{w n ) is a compact i?-module. It follows from Proposition 12. Ill 
that we have a topological isomorphism 

M - ^(Hom^iV, Q d )/{uj n ))\ 

which implies the claim. □ 

Since TV is compact, Hom^pU (N, V d ) with the topology defined by the supre- 
mum norm is an L-Banach space (we choose some norm on V). Moreover, it 
contains Hom^ p^j (iV, <d d ) as an open bounded 0-lattice. Since M is compact 
HomQ nt (M, L) with a supremum norm is an L-Banach space and Hom 3nt (M, O) 
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is a unit ball inside it. It follows from the proof of [52l Thm.1.2] that the evaluation 
map induces a topological isomorphism: 

(9) Hom^j (N, Q d ) - Horn™" (M, 0) . 

This in turn induces a functorial isomorphism of L-Banach spaces : 

(10) Hom^j (N, V d ) - Hom c ont (M, L) . 

Lemma 2.14. J/ AT is projective in Mod£'°(0) then M(&)/(vj) ^ M(0/(W)). 

Proof. The projectivity of iV implies that ((5J) is an isomorphism. The assertion 
follows from Proposition 12. Ill □ 

Proposition 2.15. If k®nN is a finitely generated 0\K\-module then M is a 
finitely generated R-module. 

Proof. Nakayama's lemma for compact -R-modules implies that M is a finitely gen- 
erated i?-module if and only if k®^M is a finite dimensional fc-vector space. In 
particular, it is enough to show that M/wM is finitely generated. It follows from 
© and Proposition I2TTT1 that M/zuM is a quotient of (Homgpq(iV, Q d /(m))Y, 
which is finitely generated by Corollary 12.51 □ 



2.1. Cycles. Let R, N, V, 0, and M = M(0) be as in the previous subsection. 
From now on we assume that k (Sir N is a finitely generated OpfJ-module. Propo- 
sition implies that M is a finitely generated i?-module. 

Lemma 2.16. Let 0i and 02 be open K -invariant lattices in V , and let M\ = 
M(0i), M2 = M(0a). Then BxaxuMx = ann^Af2. In particular, Mi and M2 have 
the same dimension d (say). Moreover, we have an equality of d- dimensional cycles 
ZdiMi) = z d (M 2 ). 

Proof. It is enough to consider the case za n @2 C 81 C 62 for some integer n > 1, 
as all the lattices in V are commensurable, since V is a finite dimensional L- vector 
space. Let C be the cokernel of Homg^j (N, ©i) =-> Hom^j (N, 2 ). Then C is 
killed by w n , and so Homo(C, O) = and ExtJj(C, 0) is killed by ro™. By applying 
Home>(*, O) we deduce that M2 is an i?-submodule of Mi and the quotient is killed 
by ro™, so that w n M\ c M2 C Mi. Since Mi is O-torsion free, we deduce that 
amiR Mi = amifjM2. Hence, the modules have the same dimension d. Moreover, 
since zu n is regular on Mi, the dimension of M\jw n M\ is less than the dimension of 
Mi, and hence the dimension of M1/M2 is less than dimension of Mi. This implies 
that Zd(Mi/M 2 ) = 0, and since cycles are additive in short exact sequences, we get 
z d {Mi) = z d (M 2 ). □ 

Proposition 2.17. Let d be the dimension o/M(0). IfN is projective in Mod^°(0) 
then we have an equality of (d — 1)- dimensional cycles 



Zd-l 



(M(0)/H) = ^m CT z d _ 1 (M(a)), 



where the sum is taken over the set of isomorphism classes of smooth irreducible 
k -representations of K , m a is the multiplicity with which a occurs as a subquotient 
ofO/(zu) and M(er) is an R-module defined in Definition \2.2[ 

Remark 2.18. Recall that Corollary implies that i/ Homier, (k®RN) y ) = 0, 
then M{a) = 0. 
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Proof. Since M(0) is 0-torsion free, w is M(0)-regular, and hence dim M{&) / (w) = 
d-1. Since N is projective, M{&)/{w) = M{Q/(w)) by CorollaryEH The as- 
sertion follows from the exactness of the functor A M- M(A), established in Lemma 
12.31 and the fact that cycles are additive in short exact sequences. □ 

2.2. Banach space representations. We keep the notation of the previous sub- 
section, and we continue to assume that k<g)nN is a finitely generated 0[i4Tj- 
module. 

Let m be an i?[l/p]-module of finite length. Then m is a finite dimensional L- 
vector space and we may choose an instable O-lattice m° in m. Then m°/(za) is 
a finite dimensional A:-vector space, and in particular an i?-module of finite length. 
Since k®nN is a finitely generated 0\K J-module, we deduce that m°/(zu) ®rN 
is a finitely generated OJi^J-module. Nakayama's lemma implies that m° (E)rN is 
a finitely generated 0[X]-modulc. Thus 

(11) n(m) := Hom^m ®R N, L) 

equipped with the supremum norm is an admissible unitary L-Banach space repre- 
sentation of G, see [52] • The definition does not depend on the choice of m° , since 
any two are commensurable. 

Lemma 2.19. The map m t— > II(m) defines a left exact, contravariant functor 
from the category of R[l/p] -modules of finite length to BanQ dm (L), the category of 
admissible L-Banach space representations of G. 

Proof. The proof is identical to the proof of [45] Lem.4.27]. □ 

Proposition 2.20. Let O be a K -invariant lattice in a continuous representation 
of K on a finite dimensional L-vector space V . Let m be an R[l / p]-module of finite 
length, and let M — M(0) be the module defined in Definition \2.1 l A Then 

dim£ Honiff (V, n(m)) = dim/, m ®r M. 

Proof. Since m° is a finitely generated i?-module, and R is noetherian there exists 
an exact sequence R® a — > R® b — > m — > 0. The first arrow is given by multiplication 
by a matrix A with entries in R. By applying (§5^ N we get an exact sequence: 

(12) iV ffia A N® b ->m°® R N ->0. 

We apply Hom^j 1 ^*, 9 d ) to (fT2j) to obtain an exact sequence: 

(13) -> Hom™^ (m° § fl N, 9 d ) -► Homgfo (N, &T b -> Homgfo (N, 6 d )® a . 

Inverting p gives us an exact sequence: 
(14) 

-> Hom^-j (m° % N, Q d ) L -> Hom^j (P, Q d )f "> Homg^j (N, Q d )f a , 

where the last arrow is given by 4> i— > (f> o A. Since m° <S)r N is a finitely gener- 
ated OJirj-module, it follows from [52] Thm.3.5] that Schikhof duality induces an 
isomorphism 

(15) Hom™^ (m° § fl N, O d ) L S Kom K (V, E(m)). 

Note that, since V is finite dimensional, every L-linear homomorphism is continu- 
ous. Similarly to flTJ} we obtain an exact sequence M® a A- M® h — > m <gi R M -> 0. 
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Since M is a finitely generated i?-module we obtain an exact sequence: 

(16) -> Hom^ ont (m° (g> R M, L) -> Hom c ont (M, L)® a -> Homg >nt (M, L)® 6 , 

where the last arrow is given by ^ H> -0 ° A. The exactness of (ITBT) can be deduced 
from [52] as follows. Since i? is a complete commutative local noetherian 0-algebra 
there exists a surjection C[xi, . . . , x s J -» R. We may identify OJ^i, . . . , x s \ with 
the completed group algebra of Q — Z® s , and hence we may identify the category 
of finitely generated i£[l/p]-modules with a full subcategory of finitely generated 
0[C/J[l/p]-modules, and [52] Thm.3.5] implies that (fl6]l is an exact sequence of ad- 
missible unitary L-Banach space representations of Q . The assertion of the propo- 
sition follows by comparing (TH1) with (1Tb]) via (fTO)) . We note that since M is a 
finitely generated i?-module, and m is a finite dimensional L- vector space, m.®nM 
is a finite dimensional L-vector space. □ 

2.3. Generic freeness. 

Lemma 2.21. Let R be a noetherian ring, S a Zariski dense subset of X = SpecR 
and let M be a finitely generated R-module. Suppose that dim re ( p ) M ®r n(p) = d 
/or p € X, f/ien dim K ( p ) M ®r At(p) = d /or all minimal primes of R. 

Proof. The function ip : X — > Z, p t— ¥ dim K ( p ) M ®r n(p) is upper semicontinuous 
by [30] Ex. 12. 7. 2], so that {a; £ X : (p(x) > n} is a closed subset of X for all 
n e Z. Since E is dense in X, we deduce that ip(p) > d for all p € A". Let p be a 
minimal prime of i?. Since E is dense there exist some q € E containing p. Now q 
lies in the closure of {p} and so again the upper semicontinuity of ip implies that 
d = tp(q) > <p(p). □ 

Lemma 2.22. Let R be a noetherian ring of dimension d and let M be a faithful, 
finitely generated R-module. Let E be a dense subset of Spec R. If 

dim K(p) k(p) Or M = 1, Vp € E, 

then z d (R) = z d (M). 

Proof. Let q be a minimal prime of R. Lemma [2.211 implies that /c(q) <E>r. M is a 
one dimensional At(q)-vector space. Nakayama's lemma implies that there exist a 
surjection R q -» M q . We claim that M q is a faithful R q -module. The claim implies 
that the surjection is an isomorphism. In particular, ^R„(R q ) = ^r (M q ), which 
implies the equality of cycles. 

We will prove the claim now. Let mi , . . . , m n be the generators of M as an R- 
module. Then . . . , 2^ are generators of M q as an R q -module. Let a € R and 
s € R \ q. Then - kills M q if and only if it kills the generators, which is equivalent 
to the existence of s%, . . . , s n € R \ q such that Siarrii = in M for 1 < i < n. Let 
t = si . . . s n , then ta kills M. Since M is faithful we obtain that ta = 0. Hence the 
image of a in R q is equal to zero. □ 

Now let R, M and V be as in the previous subsection, and let d be the dimension 
of M. We will denote by m-Spcci?[l/p] the set of maximal ideals of R[l/p\. 

Proposition 2.23. If there exists a dense subset E o/SuppM, which is contained 
in m-Spec R[l/p], such that dim re ( n ) Hom^fF, n(/i(n))) = 1 for all n G E then we 
have an equality of d- dimensional cycles Zd{R/ arnifj M) = Zd(M). 

Proof. This follows from Lemma 12.221 and Proposition 12.201 □ 
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2.4. Reduceness. Let R and M as in the previous section. We will devise a 
criterion for the ring Rj amiR M to be reduced. 

Proposition 2.24. If a local noetherian ringH affords a faithful, finitely generated, 
Cohen- Macaulay module M then R is equidimensional of dimension equal to dimM. 
Moreover, every associated prime ideal of R is minimal. 

Proof. Since M is Cohen-Macaulay, dimR/p = dimM for every p g AssM, [38j 
Thm.l7.3(i)]. Let m%, . . . ,m s be a set of generators of M. Since R acts faith- 
fully, the map R — > M® s , r <— > (rmi, . . . , rm s ) is injective, and hence AssR C 
AssM® s = AssM, where the last equality follows from [33 Thm.6.3]. We deduce 
that dimR/p = dimM for all associated prime ideals p of R. Since the minimal 
elements of SpecR and AssR coincide by [38J Thm.6.5(iii)], we deduce that every 
associated prime p of R is minimal and dimR/p = dimR = dimM. □ 

Proposition 2.25. Let R be a complete local noetherian O-algebra with residue 
field k, which is equidimensional, and every associated prime ideal of R is mini- 
mal. Let M be a finitely generated, faithful K-module. If there exists a subset £ of 
m-SpecR[l/p], such that £ is dense in SpecR and the following hold for all n G £: 

(i) dim K(n) /i(n) ®rM = 1; 

(ii) £ Rn (M <g) R R n /n 2 ) < dimR; 

then R n is regular for all n € £ and R is reduced. 

Proof. Let d be the dimension of R and let n be a prime in £. Since dim K ( n ) n(n) <g)R 
M = 1 and M is a faithful R-module, it follows from the proof of Lemma T2.22I that 
M n is a free R n -module of rank 1. Since £ Rn (M ®r R n /n 2 ) < d, we obtain that 
dim K ( n ) n/rt 2 < d—1. Since R is a complete local noetherian O-algebra with residue 
held k, K(n) is a finite extension of L. Thus the image of R in K(n) is an O-order 
in «(n), and is one dimensional. 

Since complete local noetherian rings are catenary, and we have assumed that 
R is equidimensional, |38[ Thm.31.4] implies that dimR n = d — 1. Hence the 
dimension of R n is equal to its embedding dimension, and thus R n is a regular ring, 
and so R n is reduced. 

Since every associated prime is minimal and E is dense in Spec R, above every 
associated prime of R we may find n € E. Since localization is transitive, and 
preserves reduceness, the claim implies that R p is reduced for every associated 
prime ideal of R. The natural map ip : R — > Y[p ^-Pj where the product is taken 
over all the associated primes of R, is injective, since the kernel is not supported 
on any minimal prime ideal of R, and thus Assp,,(Ker ip) is empty. Hence, the claim 
implies that we may embed R into a product of reduced rings, which implies that 
R is reduced. □ 

Now let R, M and V be as in the previous subsection, and let d be the dimension 
of M. 

Proposition 2.26. Suppose that Rj amiR M is equidimensional and all the asso- 
ciated primes are minimal. If there exists a dense subset E o/SuppM, contained 
in m-Spec R[l/p], such that for all n G E the following hold: 

(i) dim L Hom A -(V;n(K(n))) = [n{n) : L]; 

(ii) dim L Hom K (V; n(i? n /n 2 )) < [ K (n) : L]d; 

then Rj ann# M is reduced. 
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Proof. This follows from Lemma 12.221 and Proposition 12.251 □ 

Lemma 2.27. Let x = (x%, . . . , x r ) be an N -regular sequence in R. If N/xN is a 
finitely generated projective 0\K\-module then M is a Cohen- Macaulay module of 
dimension r + 1 . 

Proof. The proof is by induction on r. If N is a finitely generated projective OJA'J- 
module, (so that r = 0), then Homgpq (N, <d d ) is a free O-module of finite rank by 
[44) Prop. 4. 8]. The induction step is given by the following. Suppose that x € R is 
N- regular, and N/xN is a projective ©[if ]-module. Then N is a projective OJiif]- 
module by Corollary 12. 291 proved below. Moreover, the surjection N -» N/xN has 
an OJifJ-equivariant splitting. Thus the sequence 

Kom%$j(N/xN, 6 d ) -► HomS^(JV, 6 d ) A Hom™^ (iV, 6 d ) -► 

is exact and the second arrow has a continuous O-equivariant section. Hence, when 
we apply Homo(*, O), we obtain an exact sequence 

0->M4M4 Hom (Hom^j(Ar/a:iV, 6 d ), 0) ->■ 0. 

□ 

2.5. Projectivity. We will devise a criterion to check, when a finitely generated 
-RpTj-module N is projective in Mod^°(C). Let P be a pro-p Sylow subgroup 
of K. Then a compact OpTJ-module is projective if and only if it is projective 
as an Off]] -module. Since P is a pro-p group, 0\P\ is a local ring. Nakayama's 
lemma for compact modules implies that a compact C[P]-module N is zero if and 
only if N ®o\F\ k = 0. We let Tor l j p j (*, k) be the i-th left derived functor of 
®e>[F] k in Modp 1 °(C'). Since every object in Modp°(0) has a projective envelope, 
a standard argument gives that a compact C[P]-module N is projective if and only 
if Tor^wpUN, k) = 0. We will assume that R is O-torsion free. 

Proposition 2.28. If N is a finitely generated R\PJ-module, thenTorQ^ P j(N,k) 
are finitely generated R-modules for all i > 0. 

Proof. Since R is a compact and torsion free O-module there exists an isomor- 
phism of compact O-modules: R = Yliei ®i ^ or some se ^ I- Since the completed 
tensor product commutes with projective limits we have: i?[P] — i?€5oC[P] = 
f] ie / C[P]- Hence, P[P] is a topologically free 0\P\ module and hence is projec- 
tive in Mod p ro (0). Moreover, R\P\ ® \p\ k = R®o{0\Pl ®o\p\ k ) - R®o k is 
a finitely generated P-module. Since N is a finitely generated P[P]]-module and 
P[PJ is noetherian, there exist a projective resolution of M by free P[P]-modules 
of finite rank. Applying <8>e>[p] k to the resolution we obtain a complex of finitely 
generated P-modules, the homology of which computes Tor l n F j(N, k). □ 

Corollary 2.29. Let N be a finitely generated R\P\-module, and let x G R 
be N -regular. If N/xN is projective in Modp°(C) then N is also projective in 
Mod 1 /; "((.'':•• 

Proof. We apply <8>o[p] k to the exact sequence — > N A N — >• N/xN — > 0. Since 
N/xN is projective by assumption, Tor l ^ P j(N/xN,k) = for i > 1. Hence, the 
multiplication by x, Tor^jp^A^, fc) A TorQjpj(A^, fc), induces an isomorphism for 
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all i > 1. Since these are finitely generated R- modules by Lemma [27281 Nakayama's 
lemma forces them to vanish. Hence, N is a projective C[P]-module. □ 

Remark 2.30. Since P is a pro-p Sylow of K and is open in K , N is projective 
in Modp ro (C) if and only if it is projective in Mod^5°(0). 

Corollary 2.31. Let N be an R\P\-module, which is finitely generated over 0\P\. 
Let x £ R be N -regular. If N/xN has a finite projective dimension as an C[PJ- 
module, then so does N and 1 + projdiniQjpj N = projdiniQjpj N/xN . 

Proof. Since Nakayama's lemma is available to us, standard arguments, see for 
example Lemma 1 in [381 §19], show that the projective dimension of N is equal 
to the length of minimal projective resolution of N, which is equal to sup{i : 
Tor l n P j(N,k) =^ 0}. The assumption that TV is a finitely generated C[Pj-module 
implies that T or l Q^ P ^(N , k) are finite dimensional k- vector spaces for all i > 0. 
If TorQ^p^N/xN, k) = then the multiplication map by x, T or l ^ p j(N , k) A 
^~ or o[p] C^> ^) is an injection and hence an isomorphism, as both the source and 
the target have the same dimension as fc-vector spaces. Proposition 12.281 and 
Nakayama's lemma imply that Tor^jpj (N, k) = 0. The same argument im- 
plies that if Tor^jpj (TV, k) ^ then the multiplication map by x cannot be in- 
jective and hence Tor l ^ p j(N/xN,k) is non-zero. Hence, 1 + projdiniQjpj N = 
pro j dim jpj N/xN. □ 

Lemma 2.32. Let x±, . . . , x r € R be a system of parameters for A/(Indp 1), and 
let q be the ideal of R generated by it. Then N/qN is a finitely generated OfKJ- 
module. 

Proof. Let A = Indp 1, and let M (A) be the module defined in Definition 12.21 
Proposition HU implies that M(A)/qM(A) = (Hom^j (N/qN, A v )) v . Moreover, 
we have 

Homg^](JV/qJV, A v ) S Hom^L-id^ 1, (N/qN) w ) = Hom P (l, (N/qN) w ) 

= Hom%$ } (N/qN, k) * ((N/qN) ® om k) y . 

Hence, M(A)/qM(A) = (N/qN) ®o\Pl k as i?-modules. The left hand side of this 
isomorphism is an i?,-module of finite length as q is generated by a system of pa- 
rameters of M. Since the residue field of R is k, we deduce that the right hand side 
is an 0-module of finite length, and hence N/qN is finitely generated over 0\P\ 
by Nakayama's lemma. □ 

Lemma 2.33. dimM(Indp 1) = max„ { dim M(a)}, where the maximum is taken 
over all smooth irreducible representations of K. 

Proof. Let a be an irreducible smooth ^-representation of K. Since P is a pro- 
p group, a p ^ 0, and hence a is a quotient of Indp 1. Since the functor A n- 
M(X) is right exact by Lemma f2.3[ M(a) is a quotient of M(Ind P 1), and hence 
dimM(Indp 1) > dim M(a), for all smooth irreducible representations a. The 
reverse inequality follows from the last part of Corollary 12. 51 □ 

Proposition 2.34. Let x±,...,Xd be an N -regular sequence in R and let q be the 

ideal of R generated by it. If system of parameters for M(Indp 1) 

and projdiniQjpj N/qN < d — r, then the following hold: 
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(i) projdim 0[P]] N/ qN — d~ r; 

(ii) N is projective in Mod^ (0); 

(iii) M(Q) is a Cohen- Macaulay module of dimension r + 1. 

Proof. Let q' be the ideal of R generated by x±, . . . ,x r . Lemma T2.32I implies that 
N/q'N is a finitely generated 0[Pj-module. Corollary 12.311 implies that 

projdim j P j N/q'N = projdim j P j N/qN - (d - r) < 0. 

Since N/ q'N is non-zero, the inequality must be an equality. Thus projdim N/ qN = 
d — r and N/q'N is a finitely generated projective 0[[P]-module. Since P is a pro-p 
Sylow of K, N/q'N is also a projective 0[if[-module. Lemma [2.271 implies that 
M(0) is a Cohcn-Macaulay module of dimension r + 1. Corollary 12 . 291 implies that 
N is projective in Mod£°(0). □ 

Corollary 2.35. Suppose that R is Cohen- Macaulay and N is R-flat. If 

(17) projdim j P j k <S>r N + dimp M(Indp 1) < dim i?, 

then (1171) is an equality, N is projective in Mod^°(C) and M(0) is a Cohen- 
Macaulay module of dimension 1 + dimpM(Indp 1). 

Proof. Let r = dimp M (Indp 1) and let xi, . . . ,x r be a system of parameters for 
A/(Indp 1). We may extend it to a system of parameters of R, x :— (x%, . . . ,Xd). 
Since R is Cohen-Macaulay any system of parameters is i?-regular. Since N is 
i?-flat, the sequence x is also iV-regular. Let q be the ideal of R generated by x. 
Since q is generated by a system of parameters, R/q is an i?-module of finite length. 
Since R is local the irreducible subquotients are isomorphic to k. Since N is i?-flat, 
we deduce that N/qN has a filtration with graded pieces isomorphic to k®nN. 
This implies that projdim^jpj N/qN = projdimQjpj k®R N. The assertion now 
follows from Proposition 12 . 341 □ 

2.6. Summary. We sum up the main results of this section. Let R be a complete 
local noetherian commutative O-algebra with residue field k. Let K be a compact 
p-adic analytic group and let P be its pro-p Sylow subgroup. Let TV be a finitely 
generated i?[if]-module, let V be a continuous representation of if on a finite 
dimensional L- vector space, and let O be a if -invariant O-lattice in V . In Definition 
12.121 we have defined a compact i?-module M(O), which is 0-torsion free. Since 
N is finitely generated over i?pf], Proposition 12.51 implies that M(O) is a finitely 
generated i?-module. Let d be the Krull dimension of M(0). The ei-dimensional 
cycle of M (0) is independent of the choice of a if-invariant lattice in V by Lemma 
12.161 Finally we recall that to each i?[l/p]-module of finite length m we have 
associated an admissible unitary L-Banach space representation of K, II(m), see 

Theorem 2.36. If the following hold: 

(a) N is projective in Mod^°(0); 

(b) i?/annpM is equidimensional and all the associated primes are minimal; 

(c) there exists a dense subset S o/SuppAi(0) ; contained in m-Speci?[l/p], 
such that for all n € S the following hold: 

(i) dim L Hom^(F,n( K (n))) = [«(n) : L]; 

(ii) dim L Hom x (y,II(i? n /ri 2 )) < [«(n) : L]d; 
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then R/ aniifj M(0) is reduced, of dimension d and we have an equality of (d — 1)- 
dimensional cycles 

Zd-i(RHm) + Bxm R M (©)) = ^ m a z d -i(M{a)), 

a 

where the sum is taken over the set of isomorphism classes of smooth irreducible 
k-representations of K, m a is the multiplicity with which a occurs as a subquotient 
o/@/(a7) and M(a) is an R-module defined in DeHnition \2.2\ 

Proof. Let M = M(0). Proposition 12.261 and conditions (b) and (c) imply that 
R/ amiR M is reduced. Since M is a finitely generated i?-module, the dimension 
of R/ amiR M is equal to the dimension of M, which is d. Proposition 12.231 implies 
that R/ ann# M and M have the same d-dimensional cycles. Now w is M-regular, 
and hence Rj annj? M-regular. This implies that M/{w) and R/(w) + arniftM 
have the same (d — l)-dimensional cycles, see for example [351 2.2.10]. The last 
assertion of the Theorem follows from the Proposition 12.171 □ 

Remark 2.37. Let R be a complete local noetherian O-algebra, which is O-torsion 
free. Then the minimal primes o/R and R[l/p] coincide. Hence, any dense subset of 
SpecR[l/p] is also dense in SpecR. Since SpecR[l/p] is Jacobson, m-Spec R[l/p] 
is dense in SpecR[l/p]. If R is equidimensional of dimension at least 2 then 
m-SpccR[l/p] minus finitely many points is dense in SpecR[l/p]. 

The following will allow us to check the conditions (a) and (b) of Theorem l2.36l 

Theorem 2.38. Suppose that R is Cohen- Macaulay and N is R-fiat. If 

(18) projdimQjpj k ®r N + max{dimijM((r)} < dimi?, 

where the maximum is taken over all the irreducible smooth k-representations of K , 
and M{a) is an R-module defined in Definition \2.°2l then the following hold: 

(0) (fT8|) is an equality; 

(1) N is projective in Mod^ (0); 

(ii) M(O) is a Cohen- Macaulay module; 

(hi) Rj arnifl M(Q) is equidimensional, and all the associated prime ideals are 
minimal. 

Proof. Parts (o), (i) and (ii) follow from Lemma T2.33I and Corollary |2.35l Part (hi) 
follows from Proposition 12.241 □ 

3. Preliminaries on the representations of GL 2 (Q p ) 

From now on we assume that p > 5 and let G := GL2(Q P ), K :— GL2(Z p ) and 
let K\ C I\ C / be the subgroups of K, consisting of matrices congruent modulo 
p to identity, unipotent upper triangular matrices and upper triangular matrices 
respectively. We let & be the G-normalizer of /. Let P be the subgroup of upper 
triangular matrices in G, U the subgroup of unipotent upper triangular matrices 
in G, and T the subgroup of diagonal matrices in G. If xi an( i Xi are characters of 
Qp , then we write xi ® Xi f° r a character of P, which maps (g ^) to Xi(a)X2(<^)- 

Let Z be the centre of G, so that Z ^ . We hx a character C : Z -)• O x . We let 
Mod S Q^(0) be the full subcategory of Mod™(0) consisting of representations with 
central character £, by which we mean that Z acts by (. We say that r € Mod|?V(0) 
is locally finite if for all v € r the C[G]-submodule generated by v is of hnite length. 
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We let Mod 1 ^" (O) be the full subcategory of Modg n c (0) consisting of all locally 
finite representations. We let £(0) be the full subcategory of Modg (0) anti- 
equivalent to Modg fi "(0) by Pontryagin duality. We will denote by Mod^O) 
and £(fc) the full subcategories of ModQ fi "(0) and C(O) respectively, consisting of 
objects which are killed by w, so that we work with /c-vector spaces instead of 
O-torsion modules. 

Let Ban^fX) be the cate gory of admissible unitary L-Banach space represen- 
tations of G with central character £. This category is abelian, see [52] ■ A represen- 
tation LI in Bang d ™(L) is absolutely irreducible, if TIl> is irreducible in Bang d ™(i') 
for all finite extensions L' of L. An absolutely irreducible Banach space represen- 
tation is called non-ordinary if it is not a subquotient of a parabolic induction of a 
unitary character. If 9 is an open bounded G- invariant lattice in II G Ban^™(X) 
then Q d := Home>(0,O) equipped with the weak topology is an object of C(O), 
see [H3 Lem.4.4, 4.6]. 

Let Wq p be the Weil group of Q p and Wq 3 be its maximal abelian quotient. We 

normalize the isomorphism given by the local class field theory Q* ^ Wq 3 so that 
uniformizers correspond to geometric Frobenii. This allows us to consider characters 
of Gq p as characters of Q* , and unitary p-adic characters of Q* , or characters of 
Qp which have finite image as characters of Gq p . With this identification the p-adic 
cyclotomic character is identified with the character e : Q* — » L x , x n- x\x\, and 
we denote its reduction modulo ro by u. 

In [16] , Colmez has defined an exact and covariant functor V from the category 
of smooth, finite length representations of G on O-torsion modules with a central 
character to the category of continuous finite length representations of Gq on 
O-torsion modules. This functor enables us to make the connection between the 
GL2(Q P ) and Gq p worlds. We modify Colmez's functor to obtain an exact covariant 
functor V : C(O) Mod^™ (O) as follows. Let M be in £(0), if it is of finite length 

then V(Af) := V(Af v ) v (e£), where V denotes the Pontryagin dual. In general, we 
may write M = HmMj, where the limit is taken over all quotients of finite length 
in £(0) and we define V(M) := |imV(M,). Let tt € Mod^(fc) be absolutely 
irreducible, then 7r v is an object of C(O), and if tt is supersingular in the sense of 
[I], then V(7r v ) = V(7r) is an absolutely irreducible continuous representations of 
Gq p associated to tt by Breuil in [5]. If tt = Indp \i ® X2 UJ ^ 1 then V(7r v ) = xi- 
If tt = x ° det then ~V(tt v ) = and if tt = Sp®x det, where Sp is the Steinberg 
representation, then V(vr v ) = X - If n G Bangjf (L) we let V(n) := V(6 d ) ®o L, 
where G is any open bounded G-invariant lattice in n. So that V is exact and 
contravariant on Ban^™(L). 

4. 

Let p : Gq p —> GL2(fc) be a continuous representation of the absolute Galois 
group of Q p , such that Endc Q (p) = k. Let V : Gq p —> O x be a continuous 
character, such that ip — £e. We assume that £ is such that ip = det p (mod w). 
Let H% be the universal deformation ring, solving the deformation problem of p 
with a fixed determinant equal to "0, and let p nn be the universal deformation of p 
with determinant tp. For the rest of the section we assume that we are given N in 



1(5 



VYTAUTAS PASKUNAS 



£(0) and a continuous homomorphism of 0-algebras B% — ► End£(e>) (N) such that 
the following are satisfied: 

(NO) k& R i, N is of finite length in C(O), and is finitely generated over (9[JT]; 

(Nf) HomsL 2 (Q p )(l,iV v ) = 0; 

(N2) V(JV) and p un are isomorphic as i?^[GQ p J-modules. 
Remark 4.1. If m is a compact -module, then [451 Lem. 5.49] implies that 

(19) V(m® H v N) = mtg)^ V(2V). 

If m is finitely generated over K% then the completed tensor product coincides with 
the usual one. One can show using k® R i> V(JV) = ~V(k® R i, N) that (Nl) and (N2) 
imply (NO), but we add this condition for simplicity. 

For each finite length Kf[l /p]-module m, we let n(m) be the admissible unitary 
L-Banach space representation of G := GL 2 (Q P ) defined by (ITTj) . 

Lemma 4.2. Let m be an R^[l/p]-module of finite length, then 

V(n(m)) ^m® R * V(JV). 

Proof. Let m° be a finitely generated i?^-submodule of m, which is an O-lattice in 
m. It follows from (NO) and [45] Lem. 4.25] that the maximal torsion free quotient 
(m° ® R i, N) tf of m° N is an object of €(0). We have 

n(m) = Hom^ ont (m° N > L ) ~ Homg >nt ((m° ® Ri , N) tf , L) 

with the supremum norm. Then 3 := HoniQ nt ((m° ® R i> N) t f , O) is a unit ball 

in n(m). It follows from [55] that S d = (m° -^Otf- We thus have an exact 
sequence: 

(20) -> (m° § fl * iV) tors -> m° ® ^ iV -> S d -> 

Applying V to (|2U|) and using (IT91 we obtain an exact sequence of GQ p -representations: 

(21) V((m° §^ iV) tors ) -> m° V(iV) ->■ V(S d ) -► 

Since \(N) is isomorphic to p un as a i?p [Gq p ]-module, it is a free i?^-module of 
rank 2. In particular, m° ® R * V(iV) is isomorphic to m° © m° as an O-module, 
which implies that it is O-torsion free. Since V((m° ® R *i> N) tms ) is an O-torsion 
module, we deduce that V((m° ® R i, N) tovs ) = 0, and hence m° (g) R i, V(iV) = 
V(S d ), and by inverting p we obtain m »(JV) = V(II). □ 

Lemma 4.3. n( K (n)) SL2 ( Q ^ = 0, Vn G m-Spec i$ [1/p] . 

Proof. If II(K(n)) SL2 ^ p ) is non-zero, then dually we obtain a non-zero, SL2(Q P )- 
equivariant homomorphism C K (n) — ^ ^re(n); where the SL2(Q P ) acts trivially 
on the target. Reducing this map modulo w and taking Pontryagin duals gives us 
a non-zero, SL2(Q p )-equivariant homomorphism from 1 to 7V V , which contradicts 
(NI). " □ 

The proof of the following Lemma is left as an exercise for the reader. 



ON THE BREUIL-MEZARD CONJECTURE 



17 



Lemma 4.4. Let W be a continuous 2- dimensional L -representation of Gq p and 
let M be a GtQ p -stable O-lattice in W . Then the following hold: 

(i) if M/zuM is an absolutely irreducible k -representation of Gq p then W is 
absolutely irreducible; 

(ii) if (M /zuM) ss is a sum of distinct characters and W is irreducible then W 
is absolutely irreducible; 

(iii) if M /vjM is a non-split extension of distinct characters and W is reducible 
then W is indecomposable. 

Lemma 4.5. Let IT g Ban^™(L) be irreducible, then V(IT) = if and only if 
SL2(Q P ) acts trivially on II . //V(II) ^ 0, then II is uniquely determined by V(IT). 
Moreover, V(II) is an absolutely irreducible 2-dimensional Gq p -representation if 
and only if II is absolutely irreducible and non-ordinary, and V(IT) = S±, where 
Si : Gq p — > L x is a character, if and only if one of the following holds: 

(i) If Sf ^ C, then IT £* (indp Si ® 5 2 e- 1 ) cont ; 

(ii) If S\ = C, then II ^ St <g) <5i o det; 

where 82 '■= S^ 1 ^, and St is the universal unitary completion of the smooth Stein- 
berg representation of G. 

Proof. If II is not absolutely irreducible then after extending scalars to a finite ex- 
tension of L it is isomorphic to a direct sum of absolutely irreducible representations. 
Since V(II) is assumed to be absolutely irreducible, it is enough to prove the Lemma 
when II is absolutely irreducible, which we know assume. If II is ordinary then it 
is a subquotient of a parabolic induction of a unitary character, and hence either 
II = (indp Si ® S2S~ 1 )cont with Si ^ S%e^ 1 , II = St® <5i odet or IT = Si odet, where 
<5i , J2 : Qp — > L x are unitary characters, see [531 5.3.4]. Since we assume that IT has 
central character (, we have S^e^ 1 — C an d ^1 = C> respectively It follows from 
the definition of V that in the first two cases we have V(IT) = Si, and V(IT) = 
if IT is a character. If IT is non-ordinary then it follows from [45] that IT is isomor- 
phic to the L-Banach space representation of G constructed out of a (ip, r)-module 
corresponding to an absolutely irreducible representation of p : Gq p — > GL 2 (L) by 
Colmez in [TB], in which case V(TI) = p. □ 

Lemma 4.6. Let U G Bang dl "(i) be such that n SL2 ^ = 0. If V{U) is an 

absolutely irreducible representation of Gq p then II is absolutely irreducible and 
non-ordinary. If V(n) =81 is a character, with SiS^ 1 7^ e ±:L , where S2 '•= 8^ 
then IT = (Indp Si ® 82£~ 1 ) C ont- 

Proof. Since n is admissible it contains a closed irreducible subrepresentation ni . If 
V(ITi) = then SL 2 (Q P ) would act trivially on III, which contradicts n SL2 ( Q p) = 0. 
Since V(I1) is irreducible, we deduce that V(n) = V(ni). It follows from Lemma 
I4.5l that either ni is absolutely irreducible non-ordinary, or ITi = (Indp 8\ ® 82£~ 1 ) CO nt- 
We claim that n = ni . If not then let H2 be an irreducible closed subrepresentation 
of n/ni. Since V is exact, we have V(IT2) = 0, and hence SL2(Q P ) acts trivially 
on However, we know from [45 that there are no extensions between charac- 
ters and non-ordinary Banach space representations of G, or (Indp 81 <E) 82£~ 1 )cont, 
when SiS^ 1 ^ £ ±:L . Hence, any sequence 0— >Hi— > E — >n2— >0 must split, which 
implies that n2 is a subrepresentation of n, which contradicts n SL2 ^ p ^ =0. □ 
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Proposition 4.7. For almost a$\ n € m-Spec K% [1/p] , the n(n)-Banach space 
representation II(K(n)) is either absolutely irreducible non-ordinary or there exists 
a non-split extension 

(22) -> (Ind| ^ ® <J 2 e _1 )cont -> n(/s(n)) -> (lnd$ 6 2 ® tfiOcont -> 0, 
where 61,62 '■ Qp — > k(u) x are unitary characters, such that 6162 = (e and 6x62 7^ 

Proof. Let n be a maximal ideal of R*[l/p] and re(n) be its residue field. Lemma 
|4~2] implies that V(II(/t(n)) = «(n) (g)^ V(iV). Since V(N) is isomorphic to p un 
as an i?^[GQ p ]-module by assumption (N2), 0„( tt ) V(iV) is a deformation of 
p to C K ( n ). Since End(3 Q (p) = by assumption, p is either absolutely irreducible, 
or a non-split extension of two distinct one dimensional fc-representations of Gq p . 
Since C K(n) (g)^ V(iV) is a lattice in «(n) (g)^ V(JV) = V(n(«;(n))), Lemma IOI 

implies that either V(II(«;(n))) is an absolutely irreducible K(n)-representation of 
Gq p , or we have a non-split exact sequence — »• <5 2 — >• V(n(«;(n))) — > <5i — >• 0, where 
61,62 ■ Gq p —> k(ji) x are distinct, continuous characters. Since we consider only 
the deformations with a fixed determinant, the determinant of V(II(K(n))) is equal 
to tp. In particular, in the reducible case this forces 6162 — C £ - 

Since n(K(n)) SL2 ( Q ") = by Lemma EM if V(II(«(n))) is an absolutely irre- 
ducible K(n)-representation of Gq p , then II(«;(n)) is an absolutely irreducible, non- 
ordinary K(n)-Banach space representation of G by Lemma 14.61 

Let us assume that we have a non-split exact sequence — > 62 — > V(n(/«(n))) — > 
61 — » 0. The representation Il(/t(n)) cannot be absolutely irreducible, since this 
would imply that V(II(/t(n))) is absolutely irreducible. Thus there exists a finite 
extension L' of re(n) such that if we extend scalars to L', n(«;(n)) l> has an absolutely 
irreducible closed subrepresentation 111 . We then have a surjection V(li(/«(n))) l< -» 
V(IIi). Lemma |4~51 implies that V(IIi) = 6t- Since we have assumed that o^o"^ 1 7^ 
e ±1 , Lemma 1431 implies that ITi = (Indp 6± ® 62£~ 1 ) CO nt- Since St, £ and ip are all 
defined over «(n), so is 62, and we deduce that IT can be defined over k(xi). Since 
L' is a finite extension of «(n), this implies that 

Hom£ nt ((Ind£<Ji ® 6 2 e- 1 ) cont ,n( K (n))) L , £* Homg" 1 * , n( K (n))^)- 

Hence, (Indp 5t ® ^2£ _1 )cont is a closed «(n)-subrepresentation of n(/t(n)). Lemma 
14.61 implies that (Indp o"i <g> ~ 1 ) C ont is the maximal subrepresentation of ±I(K(n)) 
with respect to the property that its image under V is equal to 8±. This implies 
that n^ 2 ^' = 0, where IT is the quotient of II(«;(ti)) by (Indp 61 ® 62£~ 1 ) C ont- 
Moreover, the exactness of V implies that V(Il2) = 62, and hence LI2 is isomorphic 
to (Indp 62 ® 6\£~ 1 ) con t by Lemma [4~6l If the exact sequence 

(hxd% 5t ® 62£~ 1 )cont -+ n(«(n)) -> (Ind^ 6 2 ® <5i£~ 1 ) CO r lf 0, 

of Banach space representations splits, then so does the sequence of Gq -represen- 
tations, obtained by applying V, which is a contradiction. □ 

Remark 4.8. Since by assumption End(3 Qp (p) = k, in Proposition |^. 7| we only 
exclude those n, for which p)J n = ( X q * ) , which implies that p = ( ^ ^ J , or pJJ n = 



This means 'all except for finitely many' throughout the text. 
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(o xs)> "which implies that p = (o yt;)> f or some character \ '■ Gq p —> L x such 
that \ 2 — C- I n particular, for a fixed £ we exclude only finitely many n. In these 
cases, it can be shown using [45, 10.107(i)] that the semi- simplification o/n(/t(n)) 
is isomorphic to (St © (Indp e © £~ 1 ) C ont ® l® m ) eg ^ o det, where m is at most 2 
and St is the universal unitary completion of a smooth Steinberg representation of 
G over L. 

4.1. Locally algebraic vectors. We keep the same setup as in 21 We fix a p- 

adic Hodge type (w, r, if) as in 5JJ We will show that part (c) (i) of Theorem 
12.361 holds when V — cr(w, r) or V — c cr (w,T) by using the description of locally 
algebraic vectors in the Banach space representations n(/t(n)), due to Colmez [TB] 
and Emerton [24] , This will allow us to reprove the existence of potentially semi- 
stable Galois deformation rings in our situation. 

Lemma 4.9. Let tt\, tt 2 be smooth representations of an open subgroup H of G and 
let W\, W-2 be irreducible algebraic representations of G. 7/Hom#(7ri ® Wi,it2 ® 
W 2 ) ^ then Wi=Wz = W (say) and Honiy(7Ti ®W,it 2 ® W) = Hom fl (tti , 7r 2 ) . 

Proof. If Hom^(7Ti £3 M^i, 7r 2 © W2) 7^ 0, then since tti and 7r2 are smooth, we may 
find an open subgroup H' of H, such that Hom^'(Wi, W2) 7^ 0. This implies that 
Wi = W2 , since both representations are irreducible as representations of the Lie 
algebra of G. 

Let us assume that W\ = W 2 = W. When tk\ is the trivial representation, 
the statement is shown in [49J Lem.1.4]. Let Houil(W, ir 2 <g> W) sm denote the 
smooth vectors for the action of H by conjugation on Hom^T^, ir 2 <E> W). Then 
Hom L (W, 7T 2 (8 iy) sm = Uff' Hom ff ^ (W, 7r 2 (g) W) = \J H , 7rf = 7r 2 , where the union 
is taken over all the open subgroups of H. Since 7Ti is smooth, Horny (71-1 ® W, ir 2 g3 
W) = Hom ff (7r 1 ,Hom i (iy,7r 2 (g)iy) sm ) Hom H ( 7 r 1 , tt 2 ). □ 

Lemma 4.10. Let W be an irreducible algebraic representation of G, and let 
7r 2 be smooth representations of G over L, then tensoring with W induces an iso- 
morphism Ext^^!, 7r 2 ) Extfj(7ri <E> W, n 2 <E> W), where the source is computed in 
the category of smooth representations, and the target is computed in the category of 
locally algebraic representations. The same result holds, if we reguire the extensions 
to have central character. 

Proof. We interpret both Ext-groups as Yoneda-Ext. It follows from Lemma 14.91 
that the functor Hom™ 1 (Vl / , *) provides the inverse. □ 

Proposition 4.11. IfV = a(w,r) orer cr (w,T) then dim re ( n ) Horriff (V, n(«;(n))) < 
1 for almost all n G m-Spec iff [1/p] ■ Moreover, dim K(n ) Hom^(V, n(«;(n))) = 1 
if and only if p)j n is potentially semi-stable (resp. potentially crystalline) of type 

Proof. Since V is a locally algebraic representation of K, we have 

(23) Hbm*-(V;n(K(n))) = Hom K (y, n(«(n)) alg ), 

where n(K(n)) alg denotes the subspace of locally algebraic vectors in II(K(n)). Thus, 
if Homjf(V,II(K(n.))) ^ then n(K(n)) alg is non-zero. 

If n(«;(n)) is an absolutely irreducible «;(n)-Banach space representation of G, 
Colmez in [TBI VI.6.50] and Emerton in [211 3.3.22] have shown that n(K(n)) alg S 
7T (g> W, where n is either supercuspidal, smooth principal series or smooth special 
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series and W is an irreducible algebraic representation of G. Lemma 14.91 and (f23|) 
imply that W Sym^ 0-1 1? ® det Q and Hom K (V, n(/e(n))) = Hom K (cr(r), tt) if 
V" = (t(w,t), and Homjf (V, II(/c(ti))) = Hom K (cr cr (r), vr) if V = o- cr (w,r). Hen- 
niart has shown in |31| that these spaces are at most one dimensional. Moreover, 
Homjf(a(r), tt) ^ if and only WD(7r)|/ Q = r, where WD(7r) is the Weil-Deligne 
representation associated to tt via the classical local Langlands correspondence. 
The only case, when <r cr (T) ^ ct(t) is when r = \ © x, which is also the only 
case, when the monodromy operator N of WD(7r) can be non-trivial. In this case 
<7 cr (r) = x ° det, and Hom^ (<r cr (r) , tt) ^ if and only if 7r is a twist of an un- 
ramificd principal series representation by x ° det, which is equivalent to the mon- 
odromy operator N = 0. Since V(n(/c(n))) = V(n(«(n))) by [?5J Lem.5.48], and 
V(n(/t(n))) = pJJ n by Lemma [4.21 the assertion of the Proposition for irreducible 
n(/e(n)) follows from PH VI.6.50] and [Ml 3.3.22]. 

Let us assume that we have a non-split extension — > LTi — >• n(/c(n)) — ► II2 — > 
as in (|2"2"1) . So that (Ji^ 1 7^ l,^ 1 , which implies that LTi, n 2 are absolutely 
irreducible and non-isomorphic. It is shown in [45J Lem.11.5] that LI^ S 7^ 0, if 
and only if Si — Xi £< \ 82 — X2£ b , with b > a and Xi;X2 : Qp — > L x are smooth 
characters, in which case nf s = (Indp X i| ■ 1° ® X2I ■ | b_1 )sm® Sym 6-0-1 L 2 <g)det Q . 
Since LTi has central character £, we have XiX2£ b+a = C £ - I n particular, if n^ lg 7^ 
then H^ 8 = and hence n( K (n)) al s = nf g . As S (*s e * * g „), it is of type 

((a, 6), Xi © X2, V0- Hence, if n^ lg 7^ we are done. 

To finish the proof we need to show that if LT^ s = then n(ft(n)) alg = 0, since 
if HoniG(V, II(«;(n))) = Koma(V, n 2 ) 7^ 0, then Si — Xi £b > ^2 = X2£ a , for some 
smooth unitary characters Xi;X2 : Qp —> L x and p™ 1 = ( X2 £ * £ 0' which is not 
potentially semi-stable as b > a. If n( K (n)) alg 7^ and Ilf g = then Ilf g ^ 0. We 
claim that the map n( K (n)) alg Ylf s is surjective. Since Ilf s = the claim implies 
that the map is an isomorphism. However, (9, 2.2.1] implies that the universal uni- 
tary completion of LT^' 8 is isomorphic to LT2, which implies that the sequence splits, 
leading to a contradiction. To prove the claim it is enough to consider the case, when 
ITf 8 is reducible. Since Ilf 8 S (Ind£ Xa | ■ | a ® Xi| ■ l^smKiSym 6 -"- 1 £ 2 ®det a S 
(IndpX2 ® Xil ■ ^"""^smiSiSym 6-0-1 L 2 <g)£ a odet, either 1) xi = X2 and a = 6+1, 
which implies SiS^ 1 = e, or 2) X2 = xl ■ I an d Xi = xl ■ | b "i f° r some smooth 
X : Qp — * L x . Since xi an d X2 are unitary we deduce that b = a + 1 and hence 
SiS^ 1 = s. Hence, the cases we don't deal with are covered by the finitely many 
exceptions made in Propositions 14.71 □ 

Let us note the following Corollary to the proof of Proposition 14. Ill 

Corollary 4.12. For almost alln <E m-Speci?^, n(K(n)) alg is an irreducible repre- 
sentation ofG. Moreover, j/H(/«(n)) is reducible in BanQ d ™(K(n)) and n(«;(n)) alg 
is non-zero, then there exists a closed absolutely irreducible n(n)-Banach space G- 
subrepresentation Hi o/n(K(n)) such that H 1 ^ 6 = n(/i(n)) alg and Hi is isomorphic 
to the universal unitary completion ofIlf s . 

Theorem 4.13. We assume the existence of N satisfying (NO), (Nl), (N2) in 
<2) For each type (w,T,ip) there exists a reduced, O -torsion free quotient (w , r) 
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(resp. R^ ,ci (w,t)) of R^ such that for each n e m- SpecRf[l/p], p™ is poten- 
tially semi-stable (resp. potentially crystalline) of type (w, t, i/j) if and only if 
n e m-Speci?*(w,r)[l/p] (resp. n e m-Speci^(w,r)[l/p]). 

Moreover, if we let O be a K -invariant O -lattice in a (w,t) (resp. cr CI (w,r)) and 
abetheRf-annihtlatorofM(e), defined in\2JM thenRf(w,r) (resp. i?^ cr (w,r)) 
is isomorphic to R^/y/a. 

Proof. Let us assume that either 6 — a > 1 or t ^ x®xin order to avoid the ideals 
omitted in Proposition 14.71 see Remark 14.81 Although one can deal with these 
exceptions, if b — a = 1 and r = x®X then it is easier to deduce the statement from 
[TU1 Thm.5.3.1(i)]. Under the assumption, Propositions 12.201 and I4TTT1 imply that 
n G m-Spec Rz [1 /p] lies in the support of M(O) if and only if is potentially semi- 
stable (resp. potentially crystalline) of type (w, r, ip). This implies that R^/y/a is 
the required ring. □ 

Remark 4.14. FFe will verify the existence of such N in Q5.1\ and Q5.2\ 

4.2. Locally algebraic vectors in extensions. We will reformulate the condition 
(c)(ii) in Theorem 12. 361 in terms of locally algebraic vectors in extensions of Banach 
space representations. We will verify the condition in the crystabeline, and in the 
semi-stable, non-crystalline cases. The condition is verified by Dospinescu in |18j 
in general. 

Definition 4.15. We will say that an absolutely irreducible II in Ban^f™(L) sat- 
isfies the hypothesis (RED), i/II alg 7^ and the following statement holds: 

(RED) The subspace £ of Ext G ^(n, II), generated by the extensions — > II — > 
E — > II — > 0, such that the corresponding sequence of locally algebraic 
vectors — > IT alg — > E al6 — > II alg — > is exact, is at most one dimensional. 

Lemma 4.16. Let II be in Ban G d ™(L) be absolutely irreducible, satisfying (RED) 
and such that II alg is irreducible. Let 

(24) ->■ n E -> IT ffin ->■ 

be an exact sequence in Bangui), such that Hom G (n,£') is one dimensional. If 
V is either <r(w, r) or cr cr (w,r) then Homjf (V, -E) is at most 2-dimensional. 

Proof. We may assume that Hornby, IT) is non-zero. Since IT alg is irreducible by 
assumption, Lemma 14.91 and 31 imply that Homx(V,n) is one dimensional. Since 
IT is absolutely irreducible Home (II, II) is also 1-dimensional. In particular, the nat- 
ural map Hom G (LI,n) — > Homj £ -(V,n) is an isomorphism. Applying Hom G (n, *) 
and Hom#-(V, *) to ([M]) we obtain a commutative diagram: 

Hom G (n, n®™)c — ^Ext G)C (n, n) 



Hom K ( v, n©") — ^Ext^ c ( v, n) , 

where Ext 1 is the Yoneda Ext computed in Ban G d ™(L) and Ban^j?(L) respectively. 
It follows from the diagram that dimKer/3 < dimKera. Since II alg is irreducible, 
the subspace £, defined in (RED), is equal to Kera. Since (RED) holds we deduce 
that dimKer/3 < 1, which implies the assertion. □ 
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Lemma 4.17. Let II be in Ban G ™(L) be absolutely irreducible, satisfying (RED). 
Suppose that II als is irreducible, and II is isomorphic to the universal unitary com- 
pletion of n alg . 

Let —¥ III — ► II2 — > II3 — > be an exact sequence in Ban^?™(L), such that 
n aig ^ n ai g; n aig ^ ^aig^en md Hom G (n,n 2 ) is one dimensional. If V is either 
<t(w,t) or cr cr (w, r) i/ien Hom^ (V, II2) is at most 2 -dimensional. 

Proof. Let II' be the closure of LT^ 8 in II2 . Since II' and II2 have the same locally 
algebraic vectors, we have Hornjf(V,Il2) = Homjf (V, II'). Moreover, Hoiiig(II, II') 
is one dimensional. The assumptions on II^ g , 113 s and the irreducibility of n alg 
imply that we have an exact sequence -> n alg -> Ilf s -> (n alg )® m -> 0. Since II 
is the universal unitary completion of n alg , and is irreducible, there exists an exact 
sequence — >• II — >• II' — >• n®" 1 — > 0. The assertion follows from Lemma T4. 161 □ 

Theorem 4.18. Let n 6 m-Spec B% [1 / p] be such that Proposition \4-7\ applies, and 
let II be the unique non-zero closed irreducible n(x\)-Banach space G-subrepresenta- 
tion o/n(/t(n)). 7/n alg ^ then II satisfies (RED). 

Proof. We know that n alg = ir<8>W, where tt is an irreducible smooth representation 
of G and W an irreducible algebraic representation of G. 

If tt is principal series, which includes the case when n(/i(n)) is reducible, then II 
is the universal unitary completion of II alg by [U 5.3.4], [42] and [9j 2.2.1]. Hence, 
taking locally algebraic vectors induces an injection £ °-> Ext G q (tt <S> W, tt ® W), 
where the target is computed in the category of locally algebraic representation 
with central character £. Lemma 14.101 implies that tensoring with W induces an 
isomorphism Ext G ^ (tt, tt) = Ext G ^ (tt <8> W, tt ® IK), where £„• is the central char- 
acter of 7r, and the source is computed in the category of smooth representations 
with central character £„.. Using the projective resolution of tt, constructed in [48], 
one may show that this space is one dimensional. 

If tt is special series this is shown in <J6] below, by analyzing the self extensions 
of the locally analytic vectors in II. 

If tt is supercuspidal, which is the hardest case, this is proved by Dospinescu in 

Hg. 1 □ 

Corollary 4.19. We assume the existence of N satisfying (NO), (Nl), (N2) in 
^ and let V be either u(w, r) or <t c1 (w,t). Then Theorem VZ. 36\ (c) (ii) holds for 
almost all n £ m-Spec Rj[l/p]. 

Proof. The exact sequence — > n/n 2 — >• -Rp' n /n 2 — > «(tt) — > leads to an ex- 
act sequence of unitary Banach space representations of G: — > II(«;(n)) — > 
n(i?p, n /n 2 ) -> n(«(n)) e<i -> 0, where d := dim K ( n ) n/n 2 . Let LT be the unique 
non-zero K(n)-Banach subrepresentation of n(«;(n)). Then n alg is irreducible and 
is isomorphic to n(K(n)) alg by Corollary 14.121 and II satisfies (RED) by Theorem 
Km so if Hom G (n,n(i?^ n /n 2 )) is one dimensional then the assertion follows from 
Lemma 14.171 Since Hom G (II(K;(n))/II, II(/t(n))) = 0, it is enough to show that 
Hom G (n(K(n)),n(i?^ n /n 2 )) is at most one dimensional. It is enough to show that 
Hom G<3p (V(iV)[l/p]/n 2 , V(II(«;(n))) is one dimensional. Since V(iV) is the univer- 
sal deformation of p, the n-adic completion of V(N)[l/p] is the universal defor- 
mation of k(xi) <S) R ii> y(N) = V(II(«;(n))) and the n-adic completion of R^[l/p] 
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is the universal deformation ring for this problem. The statement about homo- 
morphisms is then a formal consequence of deformation theory, more precisely it 
follows from the isomorphism (n/n 2 )* = Ext G)J ^,(V(±I(«;(n))), V(II(«;(n)))), where 
the subscript ip indicates that we only consider those extensions, which when con- 
sidered as deformations of V(n(/t(n))) to re(n)[e] have determinant equal to fe, see 
the proof of Lemma 15.191 where this is explained in detail. □ 

5. Proof of the conjecture 

Let p and ip be as in <gj In this section we will construct N satisfying the 
hypotheses (NO), (Nl) and (N2) of £1 and parts (a) and (b) of Theorem [231 This 
will allow us to use the formalism developed in <J21 an d prove the Breuil-Mezard 
conjecture. The proof splits into two cases: we will say that p is generic, if it is 
either irreducible, or p = ( X q * ) , with XiX^ 1 7^ w ; 1- The assumption implies that 
Ext^ Q (x2jXi) is one dimensional, hence p is uniquely determined by the ordered 
pair (xi ; X2)- Since we assume that EndG Qp (p) = k, the only case not covered by 
the above is when p = ( X q * ) . We will refer to this case as non-generic. This 
division is somewhat artificial, but there are some shortcuts in the generic cases, 
which we would like to use. 

5.1. Generic case. We assume that p is either irreducible, in which case we let 
7r be the unique smooth irreducible /c-representation of G with central character £, 
such that V(7r) = p, or equivalently V(-7r v ) = p, or p = ( X q x * 2 ) non-split, with 
XiX^ 1 7^ m which case we let n := Indp xi ® X2W~ 1 , so that V(7r v ) = xi- 
Let P -» 7r v be a projective envelope of 7r v in and let E := Endgye>\(P). 

Proposition 5.1. P satisfies the hypotheses (NO), (Nl) and (N2) o/§2J Moreover, 
the functor V induces an isomorphism of local rings between E and R^ . 

Proof. This follows from |45j . The representation k ®^ P is a maximal quotient of 
P, which contains 7r v with multiplicity one. Such representations were computed 
in [45] and denoted by Q, see [45l Rem. 1.13]. If p is irreducible then k®^,P = n y 
by [351 Prop. 6.1]. If p = ( X q * 2 ), with XiX^ 1 7^ l,^ 1 then we have an exact 
non-split sequence: 

(25) -> (Indp X2 <8 Xi^Y -> k ® s P -> (Indp X i ® X2^~ 1 ) v -> 

by [IS Prop. 8. 3]. If p = ( o x) then by [33 Lem.10.16] we have an exact non-split 
sequence 

(26) -> (n ® x° det) v -> fcg^P -s- (Indp x^ ® X^ _1 ) V 0, 

where t\ is a smooth representation of G constructed in [351 §10.2, (180)]. In 
particular, we have a non-split sequence — > Sp — » ti — > l® 2 — > 0. We see that in 
all three cases (NO) is satisfied. 

Since tt P v is essential, and 7 r SL2(Q p ) = 0, we deduce that (P v ) s MQp) i s zer o. 
Hence, (Nl) is satisfied. The assertion that (N2) is satisfied and that E = K% 
follows from Prop.6.3, Cor.8.7 and Thm. 10.72, Cor. 10.71 of [45]. □ 

Remark 5.2. If p is absolutely irreducible and p\i„ p — (^2 +1 ® ) ® ujm 

then soc K n = (Sym r fc 2 © Sym p_1 ~ r fc 2 ® det r ) <g> det m , where < r < p - 1, 
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< m < p — 2 and ui2 is the fundamental character of Serre of niveau 2, see [5], 
[B]. // p = ( g 1 r +i ) ® w m , where XI1X2 are unramified and \i 7^ X2^ r+1 £/ien 
7r = (Indp xi ® X2^ r ) <8> w m o det. Hence, soc K n = Sym r k 2 ® det m i/0<r<p-l 
and det m © Sym p_1 k 2 <g> det m ; otherwise. In particular, soc/f 7r is multiplicity free. 

Remark 5.3. It follows from [[55]). [[56"]) and [TU 3.2] fftaf soc^ 7r = sock(/c <§jg P) v . 

Theorem 5.4. There exists x <E E, such that x : P — > P is injective and the 
quotient is a projective envelope of (sock tt) v in Modj^(O). 

Before proving the theorem, let us explain how to deduce the Breuil-Mezard 
conjecture from it. 

Corollary 5.5. P is projective in Mod^J^- (O) . 

Proof. It follows from Corollary 12.291 and Remark 12.301 that P is projective in 
Mod^(O). Alternatively, one may deduce the statement from [2B]. □ 

Corollary 5.6. Let be a K-invariant O-lattice in cr(w,r) or cr cr (w,r). Then 
M(0), defined in Deftnition \2.12\ with N = P, is a Cohen- Macaulay R^-module of 
dimension 2. In particular, R^ / annM(0) is equidimensional and all its associated 
primes are minimal. 

Proof. Since (NO) holds by Proposition ^. 11 fc(g) B ^ P is a finitely generated 0IT.K1- 
module. The assertions follow from Lemma 12.271 and Proposition 12.241 We note 
that in the definition of a p-adic Hodge type (w, t, -0) we require that tpe~^ a+b ^ |/ Qp = 
det r. Using our conventions regarding local class field theory this is equivalent to 
the central character of equal to Q. In particular, Q d is an object of Mod^(O). 

□ 

Corollary 5.7. Let be a K-invariant O-lattice in <t(w,t) (resp. fi cr (w,r) / ) 
and let a be the K^-annihilator of M{&). Then Rf/a is equal to R^(w,t) (resp. 
^• cr (w,r)j. 

Proof. Corollary 15.61 Proposition 14.111 Corollary 14.191 imply that the conditions 
of Proposition 12.261 are satisfied. It follows from Proposition 12.261 that Rf/a is 
reduced. The assertion follows from Corollary 14. 131 □ 

Theorem 5.8. The ring i?^(w, r) is O-torsion free and of relative dimension 1 
over O . Moreover, we have an equality of one dimensional cycles: 

*i(i#(w,T)/H) =Y,m*z 1 (Mia)), 

where the sum is taken over the set of isomorphism classes of smooth irreducible 
k-representations of K with central character Q, m a is the multiplicity with which a 
occurs as a subquotient o/cr(w,r) and M(o) is an K^-module defined in Definition 

[U with N = P. 

Further, M(a) 7^ if and only if a occurs in the K-socle of ix . J/Homjffcr, 7r) 7^ 
then the Hilbert- Samuel multiplicity of M(o~) is equal to 1. 

The same statement holds if we replace R^(w,t) with i?^' cr (w,r) and a(w,r) 
with er cr (w, r). 
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Proof. The first two assertions follow from Theorem I2.36[ and Corollary 15.71 We 
note that Corollaries 15. 5[ 15.61 imply that parts (a) and (b) of Theorem 12.361 arc 
satisfied. Proposition 14.111 Corollary 14.191 imply that part (c) of Theorem 12.361 
is satisfied, with S equal to m-Spec PJ (w, r) [1/p] (resp. m-Speci?^ ,cr (w,r)[l/j)]) 
minus finitely many points. Let a be an irreducible smooth fc-representation of 
K with central character (. We apply Homgp^j (*, <r v ) v to the exact sequence 

P/xP -> 0, given by Theorem 15.41 to obtain an exact sequence of 

P^-modules: 

(27) M(a) A M(a) Rom K (P/xP, cr v ) v ->■ 

Since PjxP is a projective envelope of (soc^-7r) v we have an isomorphism of k- 
vector spaces: 

(28) Homg > [ n ^j(P/a;P,CT V ) v Rom K (a, soc K tt) ^ Homier, tt). 

It follows from that Horn*: (P/xP, cr v ) v = if and only if Hom K (o-,7r) = 0, 
in which case Nakayama's lemma implies M(o~) = 0. Since sock n is multiplicity 
free by Remark l5.21 if Homjf(a, n) ^ then it is a one dimensional fc- vector space. 
Then ([2"T]) and (j2"8")) give an exact sequence: 

(29) -> M(ct) 4 M(cr) -> fc -> 0. 

Hence, if we let a be the P^-annihilator of M(er), then M(<r) = P^/a, and ([2^]) 
implies that Rf /a = and so the Hilbert-Samuel multiplicity of M(cr) is 1. □ 

We will now prove Theorem 15. 4| thus completing the proof of Theorem 15.81 

Proposition 5.9. Let fi be in Mod G ^?(fe) with soc G — 7r. Tffi is admissible and 
Q\k is injective in Mod^ 1 ^(fc) then the following hold: 

(i) Ext G ^(?r, Q) is one dimensional; 

(ii) Ext l G ' f (7T,0) = /or i > 2; 

(hi) Exto iC (7r', O) = /or all i > and all vr' e Irr G>f (A), tt' ^ 7r. 

Proo/. Let £ be irreducible in Mod^V(fe) then 

Ext G)f (c-Indf z £, n) Ext^. c (£, fi), Vi > 0. 

Since fi is injective in Mod™^(fc) we deduce that Ext G ^ (c-Ind^ z £, 17) is zero for 
i > 1, and, since ft is admissible, Hom G (cTnd^ z £, f2) is hnite dimensional. Let 
4> EH£ := End G (c-Ind^- z £) be non-zero. Since c-Ind^- z £ is a f ree "H^-module by 
PQ, we have an exact sequence 

(30) -+ c-Indg z £ ^> c-Ind£ z £ -> -+ 0. 

Applying Hom G (*,f2) to (|30)) we obtain 

(a) Ext Gif (2±^M) = 0,Vi>2; 

(b) dim fc Ext G>c ( c - Ind ^ € ,0) = dim fc Hom G ( c - Ind ^ g ,0). 

Since every supersingular and principal series representation is of the form c " In< ^ KZ - 
for a suitable £ and <j> by [I], [5], (a) implies part (ii) of the Proposition, and since 
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socg SI = tt by assumption, we have Honii<-(7r, f2) = Endx (7r) = k, which together 
with (b) implies (i). 

Let tt' € Irrc,c(k) such that tt' ^ tt. Since socg = 7r this implies Homc^', f2) = 
0. If 7r' is cither supersingular or principal series then (a) and (b) imply that (hi) 
holds. If tt' is either special or a character then there exist exact non-split sequences: 

n _a -rr' _a c ~ lnd K z Z , » _. n n , » , c Tndg z | , 

(31 ) U — )• 7T — > — — > TT — )• (J, U— 7-7T— > — — 5- 7T — > U. 

J ? - A J ? - - /i 

for some A, /i 6 fc, where {7r', 7r"} = {x ° det, Sp ©x o det}, for some character x- 
Since 7r is neither special series nor a character by assumption, using ([31]) we deduce 
that (hi) also holds when tt' is either special or a character. □ 

Proof of Theorem \5.4\ It follows from [12l Cor. 9. 11] that there exists an injection 
7T = — ^ SI, where f2 is a smooth G-representation with central character C tl such 
that fi|if is an injective envelope of soc^ 7r in Mod™^(fc). If tt' is a non-zero G- 
subrepresentation of f2, then soc^ tt' is non-zero, and hence tt'Htt is non-zero. Since 
7T is irreducible, we deduce that tt' contains tt, and hence socg VI = tt. Since tt is 
admissible, sock tt is a finite direct sum of irreducible representations, |44l Lem.3.6] 
implies that VI is admissible. 

Let tt 4 J be an injective envelope of tt in Mod G fi ,?(fc). We now proceed as in 
[45] Rem. 10. 11] to deduce from Proposition 15.91 the existence of an exact sequence 

(32) O^Vl^J^J^O. 

Since the monomorphism 7r = — ^ f7 is essential, there exists an embedding VI <—t J. 
Since VI and J have the same G-socle and J is injective, for all tt' € IrrG,f(fc) and all 
i > 0, we have ExtQ^(7r', J/Vl) = Ext^^', VI). Parts (ii) and (iii) of Proposition 
I5.9l implv that J /VI is injective in Mod G fi ;?(fc), and part (i) of Proposition l5.9l implies 
that socg J/Q — ft- This implies that tt J/VL is an injective envelope of 7r, and 
since these are unique up to isomorphism, we have J /VI = J. 

Dualizing (1521 we obtain an exact sequence — > J v A J v — > 57 v — > 0. Since 
Pontryagin duality induces an anti-equivalence of categories between Mod G fi "(fc) 
and €(k), J v is a projective envelope of 7r v in C(fc). Since these are unique up 
to isomorphism, J v is isomorphic to P/voP. The same argument shows that VL y 
is a projective envelope of (socktt) v in Mod^(fc). We identify P/wP with J v . 
Since P is projective there exists x £ E lifting x £ End,r(fe)(J v ). We apply the 
snake lemma to the diagram, in which the exact sequence 

is mapped to itself by x € E. Since Kera; = we obtain exact sequences — > 
Kera; Kera; — > and — > Cokera; Cokera; — > Cokera; — > 0. Since Kera; is 
a compact O-module, Nakayama's lemma implies that x is injective. The second 
exact sequence implies that Cokera; is O-torsion free. Since the reduction modulo 
w of Cokera; is a projective envelope of (socx7r) v in Mod^°(fc), Cokera; is a 
projective envelope of (soc^7r) v in Mod^(O) by [HI Prop. 4. 6]. □ 

5.2. Non-generic case. We deal with the case p = ( o *)• ^ e wm " recall a 
construction due to Colmez of (3 G Mod G fi "(fc), such that the semi-simplification of 
/3 is isomorphic to (Sp ©l©7r a )<g)x det, where TT a :— Ind^ u ® a; -1 , and V(/3 V ) = p. 
We will then proceed as in [55J §5.7] by modifying an argument of Kisin [33] to 
show that V induces an isomorphism between the deformation problems of /3 V in 
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and of p with a fixed determinant equal to £e. We will then show that the 
conditions of Theorem 12.381 are satisfied with N equal to the universal deformation 
of f3 y . This will then allow us to proceed as in £|5.1l to deduce an analog of Theorem 
15.81 in this case. Since the functor V is compatible with twisting by characters, we 
may assume that x i s trivial so that p = ( q * ) and £ is trivial modulo w, so that 
Mod l d ^(k) = Mod l d %(k). 

For 7Ti,7T2 G Mod^z^k) we let e 1 (7Ti,7T2) := dim/j Ext G / z (77i, 772), where the 
extensions are computed in Mod'^^fc). The following dimensions are computed 
in Theorems 11.4 and 11.5 (ii) in [43], or alternatively see (T6J §VII.4] or [21] : 

(33) e 1 (l,l) = 0, e 1 (Sp,l) = l, e 1 ( 7 r Q ,l) = l, 

(34) e 1 (l,Sp) = 2 ! e 1 (Sp,S P ) = 0, e\ir a , Sp) = 0, 

(35) e 1 (l,7r a )=0, e 1 (Sp,7r a ) = 1, e 1 (7r Q() 7r Q ,) = 2. 

The dimensions of higher Ext-groups are computed in |45l §10.1]. Since e 1 (7r Q , 1) = 
1, there exists a unique up to isomorphism non-split sequence: 

(36) 0^1^K^7T Q ^0. 

It is shown in [16 ( VII.4.18] that Ext G/z (l,Sp) = Hom(Q^,fc). We denote the 
extension corresponding to </> G Hou^Q* , k) by E$. 

Lemma 5.10. Let (3 G Mod' G "(A) be such that soc G (3 — Sp and the semi-simpli- 
fication of f3 as a G -representation is isomorphic to Spffil © 77 Q . Then there exist 
a non-zero <j) G Hom(Qp , k) and non-split exact sequences: 

(37) -> -> /3 -> ir a -> 0, 

(38) 0^S P ^/3^k^0. 

Moreover, f3 determines uniquely the one dimensional k-subspace spanned by <j> and 
every non-zero <j> arises in this way. 

Proof. Since e 1 (7r Q ,Sp) = and socg f3 = Sp, we deduce that socc(/3/Sp) = 1, 
and hence f3 contains a non-split extension of Sp by 1. Since Ext G / z (l,Sp) = 
Hom(Qp ,fc), every such extension is isomorphic to E^ for a non-zero 0, which is 
uniquely determined up to a scalar. The assumption on the semi-simplification of 
j3 implies that (3/E^ = n a , which gives us (j3"T|) . Since soc G (/3/ Sp) = 1 and the 
semi-simplification of /3/ Sp is equal to 1 O ir a , we deduce that /?/ Sp is a non-split 
extension of 1 by 7r Q . Since e 1 (7T a , 1) = 1, it must be isomorphic to k, which gives 

Let <fi G Hom(Qp , k) be non-zero and let E$ be the corresponding extension. 
Since e 1 (7r Q ,Sp) = e 2 (7r a ,Sp) = by 03 §10.1], we have e 1 (n a ,E ( p) = e^Tr^l) = 
1. This shows that for every non-zero (f> there exists f3, with soc G f3 = Sp, and 
semi-simplification Sp©l © n a , such that E<j, is a subrepresentation of (3. □ 

Lemma 5.11. e 1 (77 ,,/3) = 0. 

Proof. Since e 1 (7r Q ,Sp) = and e 1 (7r Q ,,K) = by 45, §10.1, (193)], we deduce the 
assertion by applying Home (77,3,, *) to (j3"8")l . □ 

Lemma 5.12. e 1 (/7,/3) = 1. 
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Proof. Since e 1 (n 1 k) = and e 1 (K, Sp) = 2 by ^45, Lem.10.18], the assertion follows 
from applying Hom G / Z (K, *) to ((38]). □ 

Let (3 be as in Lemma 15.101 we will recall Colmez's description of V(/3 V ). 
Using local class field theory and some basic group cohomology we may iden- 
tify Hom(Q*,fc) = Hom(GQ p ,fc) = H 1 (Gq p ,k). Now the cup product defines 
a non-degenerate pairing H 1 (Gq p ,k) x H 1 (GQ p ,k(cj)) -> H 2 (Gq p ,k(uj)) = k. 
Since Hom(Qp , k) is a two dimensional fc- vector space and the pairing is non- 
degenerate, the subspace orthogonal to <fi is one dimensional, and we denote it 
by k(j) ± . Since H 1 (Gq p ,k(u})) = Extjj (1,oj), kip 1 - defines a non-split extension 
->• w -> p -> 1 ->• 0. It is shown in [111 VII. 4.24] that V(/3) = p, which implies 
that V(/3 V ) = p. The space Hom(Q*,fc) has a distinguished line of unramified 
homomorphisms, i.e. homomorphisms, which arc trivial on Z * , H 1 (Gq p ,k(u>)) 
contains the so called peu ramifie line, see [5H 2.4]. One may show that the two 
lines are orthogonal to each other. In this case we will say that p is peu ramifie, 
otherwise we will say that p is tres ramifie. 

From now on /3 will always denote a representation satisfying the conditions of 
Lemma l5.101 and p = V(/? v ). Since one may recover <f> from p, Lemma 15 . 1 01 implies 
that p determines /3 uniquely. 

Theorem 5.13. The universal deformation problem o//3 v in €(0) is representable 
by a complete local noetherian ring Rpv . The functor V induces an isomorphism 
between the deformation functor of /3 V and the deformation functor of p with de- 
terminant and hence an isomorphism Rpv = R£ . 

Proof. Since End c(0) (^ v ) = k and Ext^ (0) (/3 V , /3 V ) ^ Ext^ /z (/3, (3), which has 
dimension at most 3 as a fc-vector space by [45j Lem.10.19], one may show that 
the deformation functor of /3 V is representable checking the Schlessinger's criterion. 
Arguing as in the proof of j45j Prop. 5. 55], we obtain a surjection i?^v -» RV. Let m 
be the maximal ideal of Rpv . Since R% = Oln,X2,Xal and dim/ c m/(m 2 + (m)) = 
dim*, Ext£( )(/3 V , /3 V ) < 3, the surjection is an isomorphism. □ 

Definition 5.14. We let N be the universal deformation of f3 v in £(0). 

Remark 5.15. Theorem ] 5. 13\ allows to view N as a compact R% -module. 

Lemma 5.16. The conditions (NO), (Nl) and (N2) hold for N equal to the uni- 
versal deformation of /3 V in 

Proof. Since k N = f3 v , (NO) is satisfied. We have socg = Sp, and hence 
HomgL 2 (Q )(1, /?) = 0. Since N is a deformation of /3 V , {(7V/m z 7V) v } i is an increas- 
ing exhaustive filtration of N y with graded pieces isomorphic to j3, which implies 
that HomgL 2 (Q )(l,iV v ) = 0, so that (Nl) is satisfied. Theorem 15.131 implies that 
(N2) is satisfied. □ 

Definition 5.17. We let 7 := (N/(m 2 + (w))N) v , where m is the maximal ideal 

ofRf- 

Lemma 5.18. There exists an exact sequence in ModgV^fc): 
(39) -> /9 -> 7 -> /3® 3 -> 0. 
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Moreover, by applying Hom G / z (/3, *) to (|39p we obtain isomorphisms: 

(40) Hom G (/3, /3) 5* Hom G/z (/3, 7), Hom G (/3, 7 //3) = Ext G/z (/3, /3). 

Proof. This is a formal consequence of deformation theory. Let R, m and AT de- 
note the images of i2r, the maximal ideal of i?^ and Af modulo w. Since N is a 
deformation of /3 V to i?^, it is J?J-flat and fe ®^ N = (3 V . Thus tensoring the 
exact sequence — > m/m 2 — > R/m 2 — > fc — > with TV over R^ , we obtain an exact 
sequence in C(O): -> (/3 v ) ffid -» 7V/m 2 ]V -> /3 V -> 0, where d = dim fe m/m 2 . 
Since i?^ = OJxi, X2, 13], d = 3. We obtain (j3"9l by dualizing this exact sequence. 

The assertion of (|4"0"|) follows by unraveling the isomorphism Ext^-, (/3 V , /3 V ) = 
(m/m 2 )*, where * denotes the fc-linear dual, [39]. Namely, any extension — > /3 V — > 
£7 — > /3 V — > in €(k) can be viewed as a deformation of /3 V to k[e), where e 2 = 0. The 
isomorphism classes of such extensions are in bijection with Hom(i?^, k[e\), since K% 
is the universal deformation ring of f3 v . If ip G Hom(i?^, fc[e]) corresponds to -> 
/3 V — > — > /? v — > 0, then 15 = fcje]®^ ^AT. In particular, the extension is non-split 

if and only if ip is surjective, and any non-split extension is a quotient of N/m 2 N, 
as m 2 + {vj) is contained in the kernel of <p. Hence, the map Hom C ( fc ) (m/m 2 

N,f3 v ) — > Extg( fe ) (/3 V , /3 V ) is surjective, and hence an isomorphism for dimension 
reasons. Dually we obtain (|4"0")l . □ 

Lemma 5.19. For all non-zero G-subrepresentations t of there exists an exact 
sequence: 

(41) -> Hom G (/3, 7) Hom G (r, 7) -► Ext G/z (/3/r, 0) -> 0. 

Proof. Since /3 is multiplicity free and its G-socle is irreducible, the natural map 
Hom G (/3, p) — > Hom G (r, (3) is an isomorphism and Hom G (/3/t,/3) = 0. It follows 
from (j39j) that Hom G (/3/r, 7) = 0. We apply Hom G / z (/3, *) — > Hom G / z (T,*) to 
(|39p to obtain a commutative diagram with exact rows: 

Hom G (/3, /3)C -Hom G f/3, 7) -Hom G (/3, /3© 3 )-^Ext G/z (/3, /?) 

Hom G (r, /9)C s-Hom G (r, 7) s-Hom G (r, /3® 3 ) -Ext G/z (r, /?) 

It follows from a diagram chase that the cokernel of the second vertical arrow is 
equal to the kernel of the fourth vertical arrow. Since Hom G (/3,/3) — > Hom G (r, f3) 
is an isomorphism, the latter is isomorphic to Ext G ; z (/3/r, (3). □ 

For every r e Mod G / z (fc) we let X(r) := Hom/^l^) = Hom G (c-Indf iZ l,r). 
ThenX(r) is naturally a right "H := End G (c-Ind^ z l)-module. In the following we 
will make extensive use of the following Theorem due to Rachel Ollivier. 

Theorem 5.20 ( |40j ) . If t £ Mod G / Z (fc) is generated by its Ii-invariants then the 

natural map I(r)iS)^c-Ind Z / 1 1 — > t is an isomorphism and we have an isomorphism 
of functors Hom G (r, *) = Hom-H(I(r),X(*)). 

We let 7r(0, 1) := c " I ^ dA 1 z 1 , where if we identify c-Ind^- z l with the space of 
finitely supported functions from the set of vertices of the Bruhat-Tits tree to 
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k, then T is the endomorphism induced by sending a vertex to the sum of its 
neighbours. 

Lemma 5.21. If p is peu ramifie then E^ = 7r(0, 1) and I(/3) = I(tt(0, 1)). // p is 
tres ramifie then 2(f3) = Z(Sp). 

Proof. It is shown in (45] Lem.10.22] that 1(k) = 2(1). This implies that 2(f3) = 
I(E < p). We have an exact sequence — > 2(Sp) — > 2(E^) — > 2(1). It follows from 
the examining the action of ( z p °) on the Ii-coinvariants of E^, see the formula 
before Theorem VII. 4. 18 in [16], that if <fi is ramified then the map 2(E$) — > 2(1) 
cannot be surjective. Hence, if p is tres ramifie then 2(f3) = I(Sp). 

Since there exists a non-split extension — > Sp — >• 7r(0, 1) — > 1 — » by [TJ 
Thm.30(2)(b)], there exists (f> € Hom(Q* , k) such that tt(0, 1) = Since tt(0, 1) 
is a quotient of c-Ind^ z 1, we deduce that 2(tt(0, 1)) — > 2(1) is surjective. More- 
over, it follows from Theorem 15.201 that the sequence of 'H-modules — > X(Sp) — > 
2(tt(0, 1)) — > 2(1) — > is non-split. By the previous part, we deduce that <fi cannot 
be ramified. Since the space of unramified homomorphisms is one dimensional we 
are done. □ 

Proposition 5.22. // p is tres ramifie then 1(7) = Z(Sp)® 2 . // p is peu ramifie 
then we have an exact sequence of H-modules: — > 2(ir(Q, 1)) 0l(Sp) — > 2(-j) — > 
J(tt(0,1)). 

Proof. It follows from (|4ip with r = Sp and Lemma [5.121 that HomG(Sp,7) is 2- 
dimensional. This together with Theorem 15.201 implies that Hom%(Z(Sp),Z(7)) = 
2. Moreover, from (|39|) we obtain an exact sequence: 

(42) {)^2(13)^2( 1 )^2(P)®\ 

If p is tres ramifie then 2((3) = 2(Sp) by Lemma [5.2 II Since Ext^(I(Sp),I(Sp)) = 
by [45] Lem.5.26], we deduce from ([42]) that 1(7) is isomorphic to a direct sum of 
copies of I(Sp). Since Hom^(I(Sp),X(7)) is 2-dimensional, we getl(7) = I(Sp)® 2 . 

If p is peu ramifie then 7r(0, 1) is a subrepresentation of f3. It follows from (|4ip 
with t = 7r(0, 1) and Lemma [5.111 that Hom-H(I(7r(0, 1)),X(7)) is 1-dimensional, 
and hence that 2(ir(0, 1)) is a submodule of 2(j). Since Hom-H(Z(Sp),I(7)) is 2- 
dimensional, we deduce that 2(ir(0, 1)) ©I(Sp) is a submodule of 1(7) and denote 
the quotient by Q. Since 2(f3) = I(7r(0,l)), it follows from ([42]) that Q is a 
submodule of X(tt(0, l))® 2 ©Z(l). It is enough to show that Hom w (I(l), Q) = 
and Hom-H(Z(Sp), Q) is at most one dimensional. 

Lemma 5.26 of [IS] implies that Ext^(J(l),X(l)) = and Ext^(I(l),I(Sp)) is 
one dimensional. Since the extension — > X(Sp) — > 2(tt(0, 1)) — > 2(1) — > is non- 
split, its class is a basis vector of Ext^(I(l),I(Sp)). By applying Hom%(I(l), *) to 
this exact sequence we get that Ext^(I(l),I(7r(0, 1))) = 0. Since Hom<3(l,/3) = 0, 
we have Hom-H(Z(l),Z(7)) = 0. By applying Hom^(I(l), *) to the exact sequence 
T(tt(0, l))eI(Sp) X(7) -)• Q -)• 0, we deduce that if Hom-H(I(l), Q) is non- 
zero, then 1(7) contains I(-7r(0, l))® 2 , which implies that Hom-H(I(7r(0, 1)),X(7)) 
is at least two dimensional, leading to a contradiction. Lemmas 5.23, 5.26 of [45] 
imply that Ext^(J(Sp),I(Sp)) = for all i > 1, and Ext^(I(Sp),I(l)) is one 
dimensional. This implies that Ext^(X(Sp),I(7r(0, 1)) is one dimensional. By ap- 
plying Hom-H(I(Sp),*) to -> Z(tt(0, 1)) © X(Sp) ->■ 1(7) -)• Q -)• 0, we deduce 
that that Hom^(I(Sp), Q) is at most one dimensional. □ 
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For all a € IriKx(k) we let M(a) be the f?^-module defined in Definition 12.21 
with N equal to the universal deformation of /3 V . 

Proposition 5.23. If p is tres ramifie then M(a) / if and only if a = st = 
Sym p_ fc 2 . If p is peu ramifie then M(o~) 7^ if and only if either a = 1 or a = st. 
In all cases the Krull dimension of M(a) is at most one. 

Proof. Let us recall that f3 = (k ® B « N) v and 7 = (A7(m 2 + (m))N) v . If p is 

tip 

tres ramifie then I(/3) = I(Sp) and hence the G-representation generated by I±- 
invariants of /? is isomorphic to Sp. This implies that soc^ /3 = socif Sp = st. It 
follows from Corollary 12. 61 that Af(<r) — if a ^ st, and from Proposition 12 .41 that 
k ® R ^> M (st) is a one dimensional fc-vector space, which implies that Af (st) 7^ 0. 
Since 1(7) = Z(Sp)® 2 , we deduce by the same argument that Hom;<-(st,7) = 
Hom G (c-Ind^- ct, 7) is a two dimensional fc-vector space. Corollary 12.81 implies that 
Af (st) is at most one dimensional. 

If p is peu ramifie then I(/3) = l(n(0, 1)) and so soc^f /3 = sock 7t(0, 1) = 1 © st. 
The same argument gives that Af (a) is zero if a ^= 1 or a ^ st, and non-zero 
otherwise. Moreover, it follows from Proposition 15.221 that dimfc Homif (1, 7) < 2, 
which allows us to deduce that Af (1) is at most one dimensional. Let & be the G- 
normalizer of I. Then 8. acts on 1(1) trivially and on I(Sp) by the character S : G — > 
k x , 5(g) = (-l) u p( dct 9), which is nontrivial as p > 2. Now Hom G (c-Indg l,/3) = 
Honift(l, (3) = Hom^(l, 7r(0, 1)) is a one dimensional fc-vector space, and it follows 
from Proposition 15. 221 that Home (c-Ind^ 1,7) is at most two dimensional fc-vector 
space. We deduce from Corollary |2 . 81 that Hom^c-Ind^ 1, N v ) v is a finitely gener- 
ated f?^-module of Krull dimension at most one. Similarly, dim^, Hom G (Sp, f3) = 1, 
and dim*; Hom G (Sp, 7) = 2 as explained in the proof of Proposition 15.221 Hence, 
Hom G (Sp, N v ) v is a finitely generated f?^-module of Krull dimension at most one. 
There exists an exact sequence of G-representations: 

(43) c-Indg Sp' 1 <g><5 -> c-Indf z Sp Kl ->■ Sp 

Since Sp Kl = st and M. acts on Sp' 1 ®6 by S 2 = 1, by applying Hom G (*,7V v ) v to 
(|4"3")l . we obtain an exact sequence of f?^-modules: 

(44) Hom G (c-Indg 1, N v ) v -> Af (st) -> Hom G (Sp, iV v ) v 0. 

This allows us to deduce that Af (st) is at most one dimensional. □ 
Proposition 5.24. projdiniQjjj ^ /? v = 3. 

Proof. By projdim c ,p 1 j ^ we mean the length of a minimal projective resolution in 
Modj™^(0), with the understanding that projective objects have projective dimen- 
sion 0. Let Z\ := I\ n Z so that Z\ = \ +p"L p . Since p > 2 there exists a continuous 
character ^/C : %i O x , whose square is equal to £. Twisting by -^/C det induces 
an equivalence of categories between Modj™^ (O) and Mod^° Zi (O). Hence, we may 
assume that ( is trivial, and have to show that projdim c ,j Ji ^ Zi j /3 V < 3. Since w kills 
(3 V and is 0{Ix/Zx\ -regular, we have projdim 0[Ji/Zil /3 V = projdim fc[Ji/Zil /3 V + 1. 
If we take a Pontryagin dual of a minimal projective resolution of /3 V in Mod^ , Zi (fc) , 
we obtain a minimal injective resolution of j3 in Mod™ Zi (fc). Hence, it is enough to 
show that H*(Ix/Zx,P) = for i > 3 and H 2 (Ix/Zx,f3) ^ 0. This maybe deduced 
from (SSJ, since H^h/Zx, Sp) = for i > 3 by[Ml Prop. 10.5] and H^h/Z^n) = 
for i > 3 and ff 2 (fi/Zi, k) ^ 0, by g5J Lem.10.23] via Lem.5.21]. □ 
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Corollary 5.25. The conditions of Theorem \2.38\ are satisfied. In particular, the 
following hold: 

(a) N is projective in Mod^^(O); 

(b) If Q is a K -invariant O -lattice in a (w,t) or er cr (w , r) , then R J / aim M(Q) 
is equidimensional and all its associated primes are minimal, where M (0) 
is defined in Definition \2.12[ 

(c) max CT {dim M(er)} = 1. 

Proof. Let x '■ — > O x be any character. The statement of the Corollary 
holds for N if and only if it holds for jV®x° det with ( replaced by Cx~ 2 - 
Hence, we may assume that £ is trivial. Propositions 15.231 and 15.241 imply that 
projdiniQi^/^j k ® R *i> N + max CT {dimM((T)} < 4. Since R% = 0\x\, &2> £3]], it is 

Cohen-Macaulay of dimension 4. Moreover, N is 72j-flat, since it is a deformation 
of fi v to Rf. □ 

Theorem 5.26. Let p = ( X (^ *) and we assume that p is non-split. The ring 
i?^(w,r) is O -torsion free and of relative dimension 1 over O . Moreover, we have 
an equality of one dimensional cycles: 

(45) Zl {R^,r)/{w)) =J2m tr zi{M{a)), 

a 

where the sum is taken over the set of isomorphism classes of smooth irreducible 
k-representations of K with central character C, w CT is the multiplicity with which a 
occurs as a subquotient o/cr(w,r) and M(a) is an R^-module defined in Definition 
\2.2\ with N equal to the universal deformation of /3 V in 

The same statement holds if we replace R^(w,t) with R^' ci (w,t) and <r(w, t) 
with cr cr (w, r). 

Further, M(a) ^ if and only if either a = st ® det m or p is peu ramifie and 
a = det m , where m is an integer such that x\iq p — L ° m ■ U M(a) ^ then its 
Hilbert- Samuel multiplicity is 1, except if p is peu ramifie then the Hilbert- Samuel 
multiplicity of (st <8> det m ) is 2. 

Proof. The proof of the first two assertions is the same as the proof of Theorem 
15.81 using Corollary 15.251 instead of Corollaries 15.51 15.61 The statement about the 
vanishing of M{a) follows from Proposition 15.231 taking into account the twist by 
X- Since ([4"5"j) holds for all ip, w and r, the statement about the Hilbert-Samuel 
multiplicities of M(a), when M(a) ^ follows from 3.3.1], where the authors 
show that by choosing w = (0, 1), r = 1 © 1 and ( = 1 we have cr(w, r) = st and 
cr cr (w, r) = 1, so the right-hand-side of (|45|) is the cycle we want to compute, and 
the left-hand-side has been computed by Breuil-Mezard in jTOJ Thm.5.3.1 (i)]. □ 

6. Semi-stable, non-crystalline case 
In this subsection we will prove the following result claimed in Theorem 14. 181 

Theorem 6.1. Let II G Ban^?™(L) be absolutely irreducible and non-ordinary. If 
rjaig ^ ]y ^ where ir is a smooth special series representation and W is an 
irreducible algebraic representation then II satisfies (RED). 
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To prove the Theorem, we may assume that n alg = St <S> Sym™ L 2 , where St is 
the smooth Steinberg representation of G and Sym™ L 2 = Sym™ L 2 <g> | det |™/ 2 by 
twisting by a unitary character. 

Let Repg(L) be the category of admissible, locally analytic representations of 
G defined in [53]. If \ : T — > L x is a locally analytic character, we let I an (x) = 
(Indp x)an be the space of locally analytic function / : G — ¥ L, such that f(bg) = 
x{b)f(g) for all b e P and g e G, where G acts on I an (x) by right translations. 
The representation I an (x) equipped with the subspace topology, inherited from 
G an (G, L), is an object of Repc(L). 

Recall that v € LT is locally analytic if the orbit map G — > II, g i-> gv defines 
a locally analytic function. Let LI an denote the subset of locally analytic vectors 
in LT. Colmez [T7J and Liu-Xie-Zhang [37] have shown that there exists an exact 
non-split sequence in Repg(L): 

(46) -> E -> n an -> I an (<5£H) ® | det |™/ 2 -> 

where Si, S 2 , a : T — > L x are the characters <Ji(( q ^)) = a, ^((o d)) = ^> a = ^i^ 1 
and E is the representation defined by Breuil in [7J . The G-socle of E is isomorphic 
to St ® Sym n L 2 , the G-cosocle is isomorphic Sym™ L 2 , and we have exact non-split 
sequences in Rep^fX): 

-> Ei -> E -> Sym " L 2 -> 0, 

— > St ® Sym™ L 2 -> E x -> 2« l ((5J +1 ^ 1 ) ® | det |" /2 -> 0. 
In the notation of [7J, E = E(fc,£) and Ei = E(fc), where k = n + 2. We refer to 
[191 §1] for facts on universal unitary completions. The following two propositions 
are well known. 

Proposition 6.2. The universal unitary completion o/E is isomorphic to LT. 

Proof. It is shown in |15[ Thm.0.4] that the unitary Banach space representation of 
G, denoted by B(k, C) in [8] §3.3], is non-zero, irreducible and admissible. It follows 
from [8j Cor. 3. 3. 4] that B(k,C) is isomorphic to the Banach space representation 
of G denoted by B{k,L) in [7j. Hence, parts (i), (ii) and (iii) of 7, Prop. 4.4. 4] hold 
and the assertion follows from [7j Prop.4.4.4(v)], the proof of which depends only 
on parts (i), (ii) and (iii), and not on the Conjecture 4.4.1 in [7J. □ 

We denote by Lq continuous, L-linear, G-equivariant homomorphisms. 

Proposition 6.3. The natural map £g(Ei,I1i) — > £a(St (8) Sym™ L 2 , IT) is sur- 
jective for every unitary Banach space representation LTi of G. 

Proof. Propositions 4.6.1 and 4.3.5(i) of [7j imply that the Banach space representa- 
tion denoted by B{k) is the universal unitary completion of St ® Sym '~ 2 L 2 . More- 
over, it follows from [7J Prop. 4. 3. 4] that the natural map St £g) Sym fc ~ 2 L 2 — ► B(k) 
factors through E(fc) — > B(k), where E(fc) is Ei with n = k — 2 in our notation. 
Since every <j> : St ® Sym fe_2 L 2 — > LIi factors through B{k) by the universality, this 
implies the assertion. □ 

Let F be a finite extension of Q p contained in L and let H be a finite dimen- 
sional locally F-analytic group. Let Rep^(L) be the category of admissible locally 
analytic -representations on L- vector spaces in the sense of [S3] §6]. Recall that 
sending V to its continuous L-linear dual equipped with the strong topology 
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induces an anti-equivalence of categories between Rep^(L) and Ch , the category of 
coadmissiblc modules over the algebra D(H) = D(H, L) of locally analytic distribu- 
tions on H, [531 Thm. 6.3]. These categories are abelian. For V and W in Rep^ (L) 
we denote by Ext l H (V,W) the Yoneda Ext-groups in the category Rep^(L) and if 
the centre Z(H) of H acts on V and W by a character £, we denote by Ext H ^(V, W) 
the Yoneda Ext-groups computed in the full subcategory of Rep^(L) with objects 
those representations on which Z(H) acts by £. Note that, if Cg(V, W) = then 
Extjg(V, W) and Ext^^W) coincide. Since Rep^(L) is anti-equivalent to Ch 
passing to duals induces an isomorphism between Ext H (V, W) and F,xt l C[i (W{ > , V b '), 
the Yoneda Ext-group in Ch, [H Thm.l, p. 121]. For each i > we obtain a map 

(47) A* : Ext H (V, W) <* Ext^ V 6 ') -> Ext* D(ff) « Vfi, 

where the last Ext-group is computed in the category of abstract L>(7J)-modules. 
The discussion after Lemma 3.6 in [53] implies that A is an isomorphism and hence 
A 1 in an injection. 

Lemma 6.4. Let V , W be in Rep2(-ff) and suppose that W' h is a finitely generated 
D(Ho)-module for some compact open subgroup Ho of H then A 1 is an isomorphism. 

Proof. Let — > V' — > M — > W — > be an exact sequence of abstract D(H)- 
modules. We have dropped the subscript b, since it only indicates the topology 
on V' . By lifting the generators of W to M we obtain a surjection D(Ho) r -» 
W', which factors through D(Hq) t — > M — > W. We thus obtain a commutative 
diagram of D(H )-modules: 

*-V ® D(H ) r >0 

|8 7 

>-V *-M >-W ^0 

Recall that D(Hq) is a Frechet-Stein algebra by [53, Thm. 5.1]. A direct sum of 
two coadmissible D(i/o)-modules is coadmissible and the kernel and cokernel of a 
D(iJo)-hnear map between coadmissible modules is again coadmissible, [53j Cor. 
3.4 (i), (ii)]. Using this we deduce that N is coadmissible, hence Ker/3 is coadmis- 
sible. Since Ker j3 = Ker7 by the snake lemma, and 7 is surjective, we deduce that 
M is coadmissible. Hence, the extension class lies in the image of A 1 . Since A 1 is 
injective, it is an isomorphism. □ 

Remark 6.5. (i) If Ii is an admissible unitary L-Banach space representation of H 
then the continuous L-linear dual of the locally F -analytic vectors in LI is a finitely 
generated D (Hq) -module for all compact open subgroups Ho of H, [53l Thm.7.1(i)], 
[471 Prop.3.4] or [12 Prop.6.2.4]. 

(ii) If W is in Rep2(iif) such that W' is finitely generated over D(Ho), then 
for every admissible subrepresentation U of W , U' is also finitely generated over 
D(Ho), since it is a quotient of W . 

Let G — GL2(Q P ) and we note that if \ '■ T —> L x is a locally analytic character, 
then I &n (x)' is finitely generated over D(Ho) for any compact open subgroup Hq 
of G, see §5 in 51 . We say that x is locally constant or smooth if the kernel is 
an open subgroup of T. In this case, / sm (x) denotes the space of locally constant 
functions / : G —> L such that f(bg) = xQ>)f{g) for all b e P and g e G, with 
G-action by the right tranlations. If n is a non-negative integer the representation 
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P m (x) Sym" L 2 equipped with the finest locally convex topology is an object 
of Rcp2(G). It follows from 50, §4] that for every smooth character xic : P —> L x 
and integer n > we have an exact sequence in Rep2(G): 

(48) -> P m (xic) (8 Sym" L 2 -> I an ( X ic^) -> P^W"^ 1 ) "> 0. 

The last term in (|48|) is topologically irreducible by [5lJ Thm.6.1], note that P is 
the lower triangular matrices in |51j . 

Lemma 6.6. Let Xitp '■ T — > L x be locally analytic characters. If tp ^ x an d 
ip =/= x a then Extp(xjV') = 0. Moreover, 

(i) Extp(X) x) — Hom co "*(T, L) is 4- dimensional; 

(ii) Extp^(x, x) — Hom cont (T / Z , L) is 2-dimensional; 

(iii) Extp(x,x a ) * s I -dimensional. 

Proof. We have natural isomorphisms Extp(x, ^) = H^ n (P, ipx 1 ); where ip[n is 
the locally analytic group cohomology defined in |36j . If x — then this group 
is isomorphic to locally analytic group homomorphisms <f> : P — » L. Since [/ is 
contained in the derived subgroup of P, every such <j> factors through P/U = T. 
Since every locally continuous homomorphism tf> : T — > L is already locally analytic, 
[55) §V.9, Thm.2], we deduce (i). Part (ii) follows similarly by observing that 
Extp^(x, ip) = H^P/Zjipx -1 )- Suppose that x then the spectral sequence 
[36"! Thm.6.8] (or an easy calculation with cocycles) allows to identify H^ n (P, V'X -1 ) 
with the group of locally analytic group homomorphism : U —¥ L, such that 
0(t _1 ut) = x^ 1 {t)4>{ u ) for all t £ T and u G U. This implies that the restriction 
of x^" 1 to Z is trivial and, if we let c = <j>(( J })), then <£(( J *)) = x"V((o ?))c, 
for all A € Q* . Since is a continuous character, we have 0(( J ^)) = Ac for all 
A e Z p . Hence, if <p ^ then x -1- 0((o ?)) = ^> for au A e Z p \ {0}, which implies 
that x^ 1 ^ — a , an d the subspace is one dimensional. □ 

Lemma 6.7. The following hold: 

(i) Ext^Sym" L 2 , =0; 

(ii) ExtG jf (Sym" J L 2 ,/ an (^)) is 2 -dimensional; 

(iii) Ext^Sym™^,/ 311 ^^^ 1 )) is I -dimensional. 

Proof. Lemma|Hl]impliesExt G (Sym"L 2 ,P n (V')) = Extp, (G) (P n (V0', (Sym" L 2 )'). 
Lemma 8.1 in [3^ says I an {tp)' = D(G) ®d(p) V j_1 an d the argument used in the 
proof of [Ml Thm.8.18] shows that 

Ext^ (G) (J-(V0', (Sym" i 2 )') - Ext^ftT 1 , (Sym"i 2 )'). 

Since both spaces are finite dimensional, by dualizing we obtain that 

Extp, (P) (VT 1 , (Sym" L 2 )') S Extp(Sym" L 2 , V). 

Now Sym" L 2 has a P-invariant filtration with the graded pieces isomorphic to 
S%~%, 0<i<n. LemmaEUimplies that if ip = 5%\a\ then Extp(Sym" L 2 , ip) = 0; 
if tp = ^ then Extp(Sym"L 2 » = Extp((Sym" L 2 ) U} ip) ^ Extp(^,^), which 
implies (ii); if if) = S^^S^ 1 then we have an injection Extp(Sym" L 2 , tp) 
Extp((Sym" L 2 ) u , tp) = Extp(-0a _1 , ip)- The injection is an isomorphism, since 
the target is one dimensional and the source is non-zero, as it contains the exten- 
sion -> ip -> Sym" +1 L 2 ® S^ 1 -> Sym" L 2 -» 0. □ 
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Lemma 6.8. Extg^(Sym" L 2 , Sym™ L 2 ) = 0, Ext^Sym™ L 2 , Stig) Sym" L 2 ) is 
one dimensional. 

Proof. Lemma mZJi) and g5]) imply that Ext^(Sym" L 2 ,I sm (\a\) ® Sym" L 2 ) = 0. 
It follows from [48] that there exists a two term projective resolution of 1 in the 
category of smooth representations of GjZ: 

(49) c-Indg 5 c-Ind£ z 1^140, 

where <5 : G — > L x is the character <5(g) = (— l)M dct f) and ^ is the G-normalizer 
of /. Using (@9l) and Lemma |4~TU1 wc deduce that Ext^Sym" L 2 , St <g> Sym" L?) is 
one dimensional. Lemma 2.4.2 of \T implies that the natural map, induced by (14"B"1) . 

Ext^ c (Sym"L 2 ,/ an (^)) -> Ext ^ (Sym" L 2 , / an ((5" +1 (5 2 _1 )) 

is non-zero. Since the target is 1-dimensional and the source is 2-dimensional by 
LemmaEZl we deduce that ExtG iC (Sym" L 2 , J sro (l)<g)Sym™ L 2 ) is one dimensional. 
We claim that the natural map 

Ext^ c (Sym" L 2 , I sm (l) <g> Sym" L?) ->• Ext^ c (Sym" L 2 , St ® Sym" L 2 ) 

is non-zero. Since the source and the target are one dimensional, the claim im- 
plies that Extg ^(Sym" L 2 , Sym" L 2 ) is zero. To prove the claim, it is enough to 
construct an extension — > 7 sm (l) — » E — > 1 — » in the category of smooth 
G/Z-representations, such that the sequence — > St — > E/l — > 1 — > is non- 
split. It follows from (|49|) that Ext G / z sm (l, 1) is zero. Hence, the natural map 
Ext-y Zsm (l, J sm (l)) — > Ext G , ZiBm (l, St) is surjective, and the target is non-zero, 
as the sequence — > St — > J sm (|o!|) —> 1 — >• is non-split. □ 

Proof of Theorem \6.1\ We may assume that LI alg = St ® Sym" L? . Passing to 
locally analytic vectors induces an exact functor Ban a ; dm (L) — > Repg(L), [551 
Thm.7.1]. This induces a map Ext^ c (n,n) -> Ext^ . c (n an , n an ). It follows from 
Proposition 16.21 that the composition 

(50) Ext^ c (n, n) -> Ext^ c (n an , n an ) -> Ext^ jC (s, n an ) 

is injective. Let e be the class of an extension 0— s-LT— ^LI— s-Oin Ban a ; d ™(L). 
If e e £ then we obtain an exact sequence -> LT alg -» i? alg -> LT als -» 0. It follows 
from [48] that there exists a two term projective resolution of St in the category of 
smooth G/Z-representations: 

(51) -> c-Indf St h ®S -> c-Ind| z St Kl -> St -> 0, 

Since .ft acts trivially on St 71 <g>5 we deduce that there are no extensions of St by 
itself in the category of smooth G/Z-representations. Lemma 14.101 implies that 
there are no extensions of St ® Sym" L 2 by itself in the category of locally algebraic 
representations with central character (. Hence, E als = n aIg © n alg . Proposition 
16.31 implies that the image of e under the composition of (|50[) with the natural map 
Extg c (E,LI an ) — !• Extg ^(Si, LI an ) is zero. Hence, ([SD) induces an injection £ 
Extg X ( Sym " L 2 , n an ). It follows from (gBJ) and Lemmas £T7] and ECU that this group 
is isomorphic to Extg ^(Sym" L 2 , St (g> Sym" L 2 ), which is one dimensional. □ 
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